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Abstract
Cosmology & Gravitation are the fundamental studies in understanding the physics
of the universe that we reside in. The approach in achieving the knowledge of the
physical laws which govern our universe, is via the observations of the dynamics,
geometries, and evolution of the astrophysical structures within it.
Recent cosmological observations have fitted well to a cosmological model known
as ΛCDM; where our universe’s energy content is dominated a cosmological constant
(Λ) and Cold Dark Matter (CDM). The ΛCDM model is based with gravity described
by Einstein’s theory of General Relativity (GR); where GR also provides the best
description of gravity on all scales.
However, the ΛCDM plus GR model requires a cold, non-baryonic, non-visible
CDM component, and DE to fit the cosmological data. At present, there is no
decisive detection of DM leaving an open window for Modified Gravity (MG) theories
attempting to explain data without the inclusion of DM; and the ΛCDM model
contains loose constraints on the Epoch of Reionization (EoR), the epoch at which
the first galaxies and Super Massive Black Holes (SMBH) began to form.
This thesis consists of model-independent probes of cosmology & gravitation. Part
of this thesis involves searching for high redshift, z ≥ 6.5 quasars, with the VISTA
Kilo-degree INfrared Galaxy (VIKING), where we expand on the search criteria
used by Findlay et al. (2012) and Venemans et al. (2013), by applying various
specific cut methods, resulting in an extended search for these high redshift quasars
within the VISTA Science Archive (VSA) database. These quasars can be used as
cosmological probes of the EoR by constraining the redshift at which EoR begun,
and the formation & evolution of the first galaxies and SMBHs.
Another part of this thesis is the prospects of testing gravity in very low acceleration
regimes via Wide Binary (WB) stellar systems, with separations & 3 kAU. These WB
systems can achieve low accelerations, on scales . 10−10 m s−2, which is comparable
to the value where galaxy rotation curves flattens due to DM or a MG. Thus, WBs
can probe these low acceleration regimes without the presence of DM, hence making
them ‘clean’ and powerful probes of gravity. Our work consists of simulating a large
sample of random orbits in various MG models, and predict the observed relative
velocities and projected separations, comparing Newtonian prediction against other
3
4MG models.
This work then follows into using the latest data release from GAIA to select
a clean, unperturbed sample of WB systems, obtaining their projected velocities
and separations. The selected WBs can then be followed-up with high-resolution
ground-based spectroscopy, obtaining their radial velocities, allowing tests of gravity.
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1. Introduction
1.1. Cosmology & Gravitation
Cosmology (from the Greek meaning, “Study of the World”) is the study of the
evolution of nature that harbours all matter & energy, all that is visible & invisible,
structured by space & time and the laws of physics which govern it, containing all
information that has been created by this very nature itself, it is therefore, the study
of the origin and fate of the universe.
Cosmology is studied by physicists, astronomers and mathematicians who treat
the universe as a whole. Physicists and Astronomers research on all scales in shap-
ing our understanding of the universe, from the evolution of the largest structures
such as galaxies and clusters to the smallest constituents of elementary particles.
Mathematicians however, give us insight on the underlining geometry of these struc-
tures and develop the mathematical tools for science to reach unprecedented precision.
Gravity is the weakest out of the four fundamental forces1. Even though the
Electro-magnetic force (EM) is much stronger than the gravitational force, it does
not dominate the largest scales since these large bodies have a zero net charge, i.e.,
containing equal number of protons and electrons, where the positive and negative
charges cancel each other out. Gravity however, is always positive (or attractive
force) and doesn’t have an opposing negative charge (or repulsive force) to cancel it
out. Since gravity is always attractive therefore, all objects with mass are subject to
the gravitational force, hence being responsible for providing structure to all celestial
objects that reside within the universe, and the universe itself. It’s the universal tool
for cosmology, allowing us to calculate the evolution & dynamics of structures on
large scales.
1The four fundamental forces are the fundamental interactions of nature on all scales. Interactions
like gravity and electromagnetism work on the long-ranges, where the effects can be seen directly
on macroscopic and atomic scales, and the strong and weak forces interact on the subatomic
scales, governing the nuclear interactions.
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The description of gravitation underwent two major phases; first being described as
a force by Sir Isaac Newton in 1687 (referred to as Newtonian Gravity), where the
result of this force is proportional to the product of the two masses attracting to each
other within the universe and inversely proportional to the square of the distance
between their center of mass. Later in 1915 Albert Einstein described gravitation as
the curvature of Space-Time, where the curvature is caused by the distribution of
the mass & energy of a system. This is also referred to as the General Relativistic
description of gravitation, where gravity is expressed as a geometric theory rather
than a force law. The latter is the best description we have to date explaining
effects which are inconsistent with Newtonian gravity. Also, Newtonian gravity can
be derived from the weak-field & slow motion limit of General Relativity (GR),
still keeping Newton gravity as a very good approximation, embedded within GR.
Nevertheless, Newtonian gravity is still used widely today for many applications due
to its simplicity and approximation for most astrophysical systems. However, GR
giving an outstanding description of gravitation has lead us into profound phenomena
such as black holes and the geometry of the universe, creating the pathway into the
modern cosmology era.
Throughout this thesis, the metric signature we use is (−, +, +, +). We also
use Greek letters (µ, ν, ρ, ...) to denote space-time indices (i.e., µ = 0, 1, 2, 3), and
Latin letters (a, b, c, ...) to denote spatial indices (i.e., a = 1, 2, 3). As usual, we
denote a partial derivative, such that;
∂γψ =
∂
∂xγ
ψ (1.1)
where xγ = (t, r, θ, φ) denotes all the space-time coordinates and ψ denotes any
arbitrary function on space-time. Covariant derivatives will be represented with
∇γ, which is defined explicitly later in the text. All other notations that are
introduced will be defined at the time of use. Repeated spatial indices, whether
raised or lowered, indicate a summation over the spatial components. For example,
∇2 ≡ ∂a∂a = ∂2x + ∂2y + ∂2z .
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1.2. Direct measure of the Hubble Constant
In 1929, Edwin Hubble discovered the expansion of the universe; Hubble was esti-
mating the distances of nearby galaxies, while Vesto Slipher measured their redshift,
hence their receding velocity, which led Edwin Hubble to discover the galaxies near
linear distance-velocity relation now known as Hubble’s law, with the slope as the
Hubble constant H0. The slope of the distance-receding velocity relation of these
galaxies, (see Figure 1.1), entails that the more distant galaxies from the earth are
receding faster. This led to the evidence that the universe is expanding and the
rate of the expansion. However, still to this day we do not have a consensus value
of the Hubble constant, due to various observations determining a different value:
fits of ΛCDM (see section (1.3) Cosmology & ΛCDM) to cosmological data prefer
a H0 in the range 67− 69 km s−1 Mpc−1, while direct local estimates give values ≈
73 km s−1 Mpc−1 Freedman (2017). Currently, it is not clear whether the reason is
systematic errors in one or both measurements, a statistical fluke or new physics
beyond the basic ΛCDM model. This “tension” is likely to be clarified in the next
few years.
1.3. Cosmology & ΛCDM
The cosmological principle states that the universe is homogeneous & isotropic on
the largest scales. This principle implies that there is no special location within the
universe; when averaging over large volumes, the universe appears the same in every
direction from every location. The standard Model of Cosmology is the ΛCDM model,
where the universe contains a Cosmological constant or a “Dark Energy” component
denoted as Λ, which is responsible for the accelerated expansion of the universe. The
“expansion” is caused by initial conditions, e.g., inflation; the Λ makes the expansion
accelerate at late times. The Cold Dark Matter component, denoted as CDM, is
matter that interacts very weakly with electromagnetic radiation, e.g., photons; and
yet it is the most abundant matter in the universe, which is responsible for structure
formation on the largest scales, such as galaxies and clusters. The ΛCDM model
assumes that GR is the correct theory of gravity on cosmological scales with the
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric being the solution to the
Einstein Field Equation. Both the Cosmological ΛCDM model and GR, the theory
of gravity to describe it, have been tested to high accuracy. Modern observations,
most notably of the Cosmic Microwave Background (CMB), type-Ia Supernovae,
and large galaxy redshift surveys, have provided precise estimates of the various free
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Figure 1.1.: The Hubble diagram, produced by Edwin Hubble in 1929, plot of the
recession velocity vs the distance of nearby galaxies. This plot is showing
the more distant galaxies from the earth are receeding faster than those
closer to the earth. This gave evidence for an expanding universe, with
the gradient giving the rate of expansion.
parameters of the ΛCDM model, with most parameters constrained to near 1 percent
uncertainty.
1.3.1. Cosmological parameters
Modern cosmology is based on Einstein’s field equations of General relativity, which is
solved by some geometrical description of spacetime. In cosmology the field equations
are usually solved by the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric,
describing the Isotropy & Homogeneity of the universe, leading to the dynamics of
the universe when derived, given below.
The FLRW metric is
ds2 = −c2dt2 + a2(t)
[
dr2
1− kr2 + dΩ
2
]
(1.2)
dΩ2 = r2dθ2 + r2 sin2(θ)dφ2,
1.3: Cosmology & ΛCDM 27
where t is the time coordinate measured by a co-moving observer, r is the radial
coordinate and θ, φ are the usual spherical polar coordinates. Also, ds2 = −c2dτ 2,
where τ is the proper time coordinate, defined as the time measured by an observer
moving with the system. The metric components of the FLRW metric are given by;
gtt or g00 = −1,
grr or g11 =
a2(t)
1− kr2 ,
gθθ or g22 = a
2(t) r2,
gφφ or g33 = a
2(t) r2 sin2(θ).
For a light-ray coming towards us, traveling along “null Geodesics”, and no angular
dependence;
ds2 = 0,
& dΩ2 = 0.
Therefore,
c dt = a(t)
dr√
1− kr2 (1.3)
c
∫ t
te
dt =
∫ r
0
a(t)
dr√
1− kr2 (1.4)
The Co-moving Distance χ, is the distance between two objects in the universe,
where is remains constant with epoch if the two objects are moving with the Hubble
Flow.
χ =
∫ t
te
c
dt′
a(t′)
(1.5)
wherete is the time of emission of the photons detected by observer, a(t) is the scale
factor, t is the fixed time of observation, c is the speed of light. The co-moving
distance is also expressed as a function of Co-moving coordinate distance r, expressed
as,
χ(r) =
∫ r
0
dr′√
1− kr′2 (1.6)
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where k is a constant representing the curvature of the space. In the case of the
co-moving distance χ(r) related to the co-moving coordinate distance r and constant
space curvature k is given by three conditions, each representing a different universe;
χ(r) =

|k|− 12 sinh−1(√|k| r), k < 0
r, k = 0
|k|− 12 sin−1(√|k| r), k > 0
• k > 0
◦ Closed, positively curved “spherical” universe.
◦ The uiverse will expand and then eventually collapse on itself with cosmic
time.
◦ The average density parameter (the average sum of the matter content in
the universe) Ω > 1, this is described in further detail in equations (1.12 -
1.15).
• k = 0
◦ Flat (or critical) universe.
◦ The universe will expand forever and a constant rate with cosmic time.
◦ The average density parameter Ω = 1.
• k < 0
◦ Open, negatively curved “hyperbolic” universe
◦ The universe will expands forever with an increasing rate of expansion
with cosmic time.
◦ The average density parameter Ω < 1.
Figure 1.2 illustrates the spatial curvature for each universe described above by
depicting the curvature with triangles and parallel lines drawn along the surface.
For a ‘flat’ universe, the sum of the angles in a triangle equate to 180◦ and parallel
lines remain parallel along the flat surface, a ‘closed’ universe will have the sum of
the angles in a triangle > 180◦ and parallel lines will converge along the spherical
surface, and for an ‘open’ universe, sum of the angles in the triangle will be < 180◦
and parallel lines will diverge along the hyperbolic (or horse saddle shape) surface.
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Figure 1.2.: Artist illustration showing three universes, each with a different space
curvature describing the global geometry of the universe. Top panel
describes a universe with a ‘flat’ geometry with zero curvature, sum of
the angles of a triangle=180◦ and an average density parameter of Ω =1
(see equations (1.12 - 1.15) for the definition of the density parameter),
Middle panel describes a ‘closed’ universe with a spherical geometry,
positive curvature, sum of the angles of a triangle>180◦ and average
density parameter Ω >1; Bottom panel describing a universe an ‘open’
universe with a hyperbolic geometry, negative curvature, sum of the
angles of a triangle<180◦ and average density parameter Ω <1. Image
reproduced from SEM (2003)
Using the Einstein Field Equations (EFE), discussed in further detail in section
(1.4), as the theory of gravity to compute the equations of motion of the FLRW
metric given by,
Rµν − 1
2
Rgµν + Λgµν =
8piG
c4
Tµν (1.7)
Taking the ‘time-time’, i.e.,(00 or tt) part of the EFE, with FLRW metric as its
solution,
Rtt − 1
2
Rgtt + Λgtt =
8piG
c4
Ttt (1.8)
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with both sides of equation (1.8) equating to,
Rtt − 1
2
Rgtt =
3
c2
(
a˙(t)
a(t)
)2
+
3k
a2(t)
Λgtt = −Λ
8piG
c4
Ttt =
8piG
c4
ρ(t)c2
Therefore, obtaining the Friedmann equation;(
a˙(t)
a(t)
)2
=
8piG
3
ρ(t) +
Λc2
3
− kc
2
a2(t)
, (1.9)
where the Hubble paramater can be defined as,
H(t) ≡ a˙(t)
a(t)
Cosmological redshift is a consequence of the expanding universe, defined by the
Hubble parameter, determined by the scale factor a(t). Therefore, we can have the
Hubble parameter varying with redshift, given by the following relation.
a(t)
a0
=
1
(1 + z)
H(z) ≡ a˙(t)
a(t)
=
da(t)
dt
1
a(t)
= − 1
(1 + z)
dz
dt
since the universe expands faster in the past, i.e., small a(t), thus, we can express
the redshift-time relation in terms of the Hubble parameter given by,
dz
dt
= −(1 + z)H(z). (1.10)
The Stress-Energy tensor T µν from the EFE for a perfect fluid can be used to
obtain the Energy Conservation equation. The energy conservation equation is
derived via taking the covariant derivative of T µν , required to conserve energy and
momentum. The derivation is as follows,
T µν = diag(−ρc2, P, P, P )
is the stress-energy tensor for a perfect fluid has only non-zero components along its
diagonal matrix. The covariant derivative of the stress-energy tensor is expressed in
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terms of Christoffel symbols2, Γλµν , expressing the metric components (in this case,
the FLRW metric) in terms of connection coefficients.
∇µT µν = ∂µT 0µ + Γ0µνT µν + ΓµµνT 0ν = ∂0T 00 + Γ0iiT ii + Γii0T 00 = 0
therefore, deriving the energy conservation equation.
c2
∂ρ
∂t
+ 3
˙a(t)
a(t)
(P + ρc2) = 0 (1.11)
The equation-of-state is given by the relation P = wρc2, with cosmological compo-
nents defined as w = 0 for matter, w = 1/3 for radiation, and w ≤0 for dark Energy
with w = −1 for the cosmological constant Λ. These components can be applied
to the energy conservation equation (1.11), and determine the density-scale factor
relation ρ ∝ a(t) for a particular cosmological component. The density-scale factor
relation can then be applied to solve the Friedmann equation (1.9) in terms of Ωi,
the density parameter3 and critical density ρc, which are expressed as,
ρi ∝ a(t)−ni ∝ (1 + z)ni , (1.12)
Ωi =
ρi
ρc
, (1.13)
where ρc =
3H(z)2
8piG
, (1.14)
H(z)2 =
8piG
3
∑
i
ρi. (1.15)
Here, i is for different species of the densities, (i = M for Matter, i = R for
Radiation, i = k for Curvature and i = Λ for Dark Energy), and n is the power
associated with the species from the solution of equation (1.11) (n = 3 for Matter,
n = 4 for Radiation, n = 2 for Curvature and n = 0 for Dark Energy), and
ρi ∝ a(t)−ni ∝ (1 + z)ni is the density-scale factor relation obtained from (1.11).
2The Christoffel symbols describe how to the local coordinate bases change from point to point along
a curved manifold, expressed in terms of metric components, Γλµν = − 12gλα(gαµ,ν +gαµ,ν−gµν,α)
3The density parameter is the ratio between the observed density of the universe and the critical
density equation (1.14) as described in a Friedmann universe. The relation between the observed
and critical density can determine the overall geometry of the universe.
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Therefore, the Friedmann equation is expressed as the summation of species, given
by,
H(z)2 = H2o
(∑
i
Ωi(1 + z)
ni
)
, (1.16)
where H(z) = H0E(z) with,
E(z) =
√
ΩM(1 + z)3 + ΩR(1 + z)4 + ΩΛ + Ωk(1 + z)2. (1.17)
Relating equation (1.5) and equation (1.10), we obtain the co-moving distance as
a function of redshift, χ(z), which is also referred to as the line-of-sight co-moving
distance, defined as the co-moving distance between the observer and the source,
expressed as,
χ(z) = dH
∫ z
0
dz′
E(z′)
(1.18)
where dH ≡ c/H0 is the Hubble distance, and E(z) is the function defined above.
The line-of-sight co-moving distance is related to the transverse co-moving distance;
defined as the distance to two objects at equal redshift z, which are separated in
the sky from observer by an angle δθ, separated as a distance of Dm(z)δθ, where
Dm(z) is the Transverse Co-moving distance, given by the following expressions for
a particular universe;
DM(z) =

(dH/
√|Ωk|) sinh(√|Ωk| χ(z)/dH), Ωk > 0
χ(z), Ωk = 0
(dH/
√|Ωk|) sin(√|Ωk| χ(z)/dH), Ωk < 0
(1.19)
where Ωk = 1 − (ΩΛ + ΩM) is the curvature term, which is not a “true” density,
but a pseudo-density. This is proportional to (a(t)Rc)
−2, where Rc is the radius of
curvature of the universe, and this term drops asa−2(t) to conserve the isotropy of
the universe.
From the above derived cosmological distances, we can then apply them and derive
the cosmological cuminosity distance in terms of redshift z, by definition;
DL ≡
√
L
4piF
. (1.20)
where L is the luminosity (or power radiated) of the observed object, and F is the
flux (or power received per unit area) by the observer. In a cosmological case, the
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luminosity distance is a function of redshift z, related to the transverse co-moving
distance, equation (1.19) to the object times the redshift at which the object is
observed;
DL(z) = (1 + z)DM(z) (1.21)
With equation (1.21), one can use the distance modulus formula, which is used
to express distances in astronomy on a logarithmic scale, based on the magnitude
(brightness) of an astrophysical object.
µ = 5 log10(DL/Mpc) + 25 (1.22)
The distance modulus, expressed as µ = mf −Mf , is the ratio between an object’s
observed bolometric flux at DL(z), and the flux if it were placed at 10pc away. It
is defined in terms of the apparent (observed) magnitude, mf and the absolute
magnitude Mf , where the absolute magnitude is defined as the apparent magnitude
of the same object via f placed at 10pc away from the observer. Testing various
cosmological models via supernovae is achieved by comparing the measured distance
moduli vs redshift against each model. This is referred to as the Supernovae Hubble
diagram, with examples shown in Figures 1.3, 1.4 and 1.5.
1.3.2. Supernovae
A supernova is an astronomical event involving the explosion and/or core-collapse of
a star; they are extremely luminous, visible at cosmological distances and last for
a few weeks to months. For cosmological purposes the most important supernovae
are the sub-class known as Type-Ia. There are other supernovae types e.g., Ib, Ic,
II which are all explosions of high-mass stars. The definition of I/II is the label
of whether the supernova itself doesn’t contain (I) or does contain (II) hydrogen
lines within their spectra. However, the Ib/Ic are believed to be massive stars which
have blown off their hydrogen envelopes before exploding, so they are physically
similar to type-II, while type-Ia’s are the white dwarfs which accretes mass from its
companion star, exceeding its Chandrasekhar mass limit of ∼ 1.44M and resulting
in an explosion. The peak luminosities of these objects can be used as a distance
indicator, therefore using this distance to constrain cosmological parameters via the
distance-redshift relation, hence probing the Hubble constant. Using supernovae as
cosmological probes has succeeded with outstanding discoveries such as supporting
ΛCDM and the accelerated expansion of the universe. Figures 1.3, 1.4 and 1.5 show
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Figure 1.3.: (Upper panel) Distance modulus vs redshift estimated for supernovae:
Each point is an estimated distance modulus for one type-Ia supernova.
Thin lines are predicted curves for several cosmological models, as labeled.
(Lower panel) As upper panel, but showing the residuals relative to the
ΩM = 0.2, ΩΛ = 0 model. (Reproduced from Perlmutter et al. (1999))
the development of supernovae cosmology spanning from 1998-2014. In Figure 1.3,
the High-Z Supernova search team used a sample of supernovae data in 1998 (Riess
et al., 1998). This was the famous figure, comparing different cosmological models
and providing evidence for an accelerating universe, which led to the research team
winning a Nobel prize in 2011. Many more SNe projects and observations were
followed in the 2000s, a decade later, in 2010 the Union2 Compilation detected more
supernovae and at higher redshifts; in Figure(1.4) the large sample of supernovae
data are averaged in redshift bins, placing tighter constraints on the ΛCDM model
(See Goobar and Leibundgut (2011) for a review and Amanullah et al. (2010) for the
sampling of data). Figure 1.5 however, uses a large sample supernova data, obtained
from the collaboration of Sloan Digital Sky Survey part 2 (SDSS-II) and SuperNova
Legacy Survey (SNLS), observing supernovae out to redshifts, z ∼1, (Betoule et al.,
2014). Figure 1.5 is similar to Figure 1.4, but now uses residuals to best fit ΛCDM.
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Figure 1.4.: Similar as Figure 1.3, (Upper panel) a larger data sample with each point
is an estimated distance modulus for one type-Ia supernova. (Lower
panel) Data points are now averaged in redshift bins, where the residuals
are relative to the ΩM = 0, ΩΛ = 0 model, but we see that the data
are consistent with a ΛCDM model (solid blue line) with ΩM ' 0.3,
ΩΛ ' 0.7 (Goobar and Leibundgut, 2011).
Figure 1.5.: Again, this figure is similar to Figure 1.3 and 1.4, but now the (Lower
panel) the black points are averaged in redshift bins, and the residuals
are relative to the ΛCDM model with ΩM ' 0.3, ΩΛ ' 0.7 (Betoule
et al., 2014).
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1.3.3. Cosmic Microwave Background (CMB)
The CMB is the dominant radiation energy content beyond the Milky Way galaxy. It
was accidentally discovered by Arno Penzias and Robert Wilson in 1965 (Penzias and
Wilson, 1965), earning the Nobel Prize for their discovery in 1978. The discovery of
the CMB was a landmark for the Big Bang origin of the universe. It is the left over“or
relic” radiation from the early stages of the Big Bang, also the oldest electromagnetic
radiation within our universe. Although the CMB radiation was present from
very early times in the universe, the observed CMB is effectively an observation
of conditions at the “epoch of recombination” around z ∼1090. At recombination,
the universe had cooled to around 3000K, and free electrons and protons combined
into neutral hydrogen atoms. After recombination, the CMB photons no longer
scattered with free electrons, and traveled freely until the present day It’s the freely
propagating photons that we observe today in the form of Microwave radiation,
hence the Microwave Background. The spectrum of the CMB is precisely that of a
blackbody radiation function with temperature T0 ≈ 2.725 K, where the temperature
evolves with redshift, T (z) = T0(1 + z) within an expanding universe.
The temperature of the CMB is quite uniform (or isotropic) across the whole
sky, with temperature variations (or anisotropies) a few part in 100,000 (temparatre
variations∼ 10−5). These anisotropies are tiny fluctuations, which are primordial
fluctuations and are thought to grow into structures such as galaxies and clusters.
It’s the fragmentation of gas clouds which makes stars, this is too small-scale to be
produced by the CMB. These tiny fluctuations are of interest, as they can provide
information about the physics of the early universe, also putting constraints on
cosmological parameters. The experiment is done by dividing the CMB temperature
map into spherical harmonics and computing the temperature power spectrum. The
temperature power spectrum characterizes the size of these fluctuations as a function
of angular scales. Since interests lie in the deviation from the average uniform
temperature, this can be defined by a dimensionless parameter;
Θ(nˆ) =
T (nˆ)− 〈T 〉
〈T 〉 (1.23)
where nˆ is a unit vector (or direction) in the sky, nˆ ≡ (θ, φ).
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Temperature fluctuations are projected on a 2D spherical sky therefore, the tem-
perature field is expanded using spherical harmonics to form a complete orthonormal
set on the unit sphere. The spherical harmonics are defined as;
Y`m(θ, φ) =
√
2`+ 1
4pi
(`−m)!
(`+ 1)!
Pm` (cos θ)e
imφ (1.24)
The indices run ` = 0, ..∞, and −` ≤ m ≤ ` and Pm` are the Legendre polynomials.
Here ` is the multipole and represents a given angular scale in the sky α = pi
`
(in
radians).
The temperature fluctuation field can be expanded using;
Θ(nˆ) =
`Max∑
`=0
∑`
m=−`
a`mY`m(nˆ) (1.25)
where the harmonic coefficient a`m is computed as;
a`m =
∫ pi
θ=0
∫ 2pi
φ=0
Θ(nˆ)Y ∗`m(nˆ)dΩ (1.26)
The power spectrum of these fluctuations are defined as the variance of the
harmonic coefficients, C`, given by;
〈a`ma∗`′m′〉 = δ``′δmm′ C` (1.27)
The average is taken over many ensembles and the δ-functions arise from isotropy.
Since we are only dealing with one universe, we are limited on the number of m-modes
we can measure, hence only (2l+ 1) of these for each multipole. The power spectrum
can be re-expressed as;
C` =
1
(2`+ 1)
∑`
m=−`
〈|a`m|2〉 (1.28)
When dealing with the power spectrum is real-space (or angular-space), it is related
to the expectation value of the correlation between two temperature fluctuations in
the sky;
ξθθ(θ) =
〈
Θ(nˆ)Θ(nˆ′)
〉
=
1
4pi
∞∑
`=0
(2`+ 1)C`P`(cos θ), nˆ · nˆ′ = cos θ. (1.29)
1.3: Cosmology & ΛCDM 38
One can relate angular sizes with linear scales via cosmological parameters. Cos-
mological parameters are constrained via the angular size diameter distance.
DA =
x
tan θ
(1.30)
x is the physical size of the object viewed from earth, θ = angular size of the object
viewed from earth (radians) e.g., angular size measures between the temperature
fluctuations from the CMB. For small angles approximation, the Angular Diameter
Distance can be expressed as;
DA ≈ x
θ
(1.31)
In terms of cosmology, the angular diameter distance is related to an object at
redshift, z and the transverse co-moving distance, DM(z), given by;
DA(z) =
DM(z)
(1 + z)
(1.32)
where DM(z) is given in equation (1.19).
The angular diameter distance is also related by the luminosity distance given in
equation (1.21), this relation is expressed by;
DL(z) = (1 + z)
2DA(z) (1.33)
for the redshift, zCMB ≈ 1100.
Since the temperature power spectrum is a measure of angular scales between
two fluctuations, it is common to relate the small angle in the sky θ to co-moving
distance DM(z) hence, θ = x/DA(z), the ratio between physical size of the object
from earth and the angular diameter distance containing all the relevant cosmological
parameters. Figure 1.6 shows the temperature power spectrum as a function of
angular scale, also with the angular scale correlated with multipole moment `, where
each peak in the spectrum gives information about the physics in our universe at
various angular scales, at the epoch of recombination.
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Figure 1.6.: Plot of the temperature power spectrum of the CMB produced from
(NASA, 2013) and (Ade et al., 2016). The plot shows the amplitude of
the temperature fluctuations of the CMB as a function of angular scale
(or multipole moment) between the fluctuations. The (solid green line)
is the best fit model, fitting with the observed data (red points), and the
(green shade band) which represents the cosmic variance. In this plot
the data is consistent with the ΛCDM model.
A key scale in the CMB is the angle corresponding to the size of the sound horizon
at recombination. To a rough accuracy this corresponds to θCMB ∼ (1 + zrec)−1/2 ∼
0.03 rad or 2 degrees, corresponding to a multipole value of ` ∼ 200, which entails
the global geometry of the universe is flat. Figure 1.7 gives an illustration presenting
three global geometries of the universe via the CMB, and equation (1.34) provides
three cases of the multipole value ` of the first peak in the CMB power spectrum, with
each case describing either a flat, closed or open universe. Then, there are three main
regimes in the CMB temperature spectrum: Multipoles ` < 50 correspond to scales
larger than the horizon at recombination, where the anisotropies are dominated by the
Sachs-Wolfe effect (similar to a gravitational redshift), and are simply proportional to
the primordial spectrum. At intermediate scales, perturbations in the early universe
undergo oscillations due to the competition between gravity amplifying perturbation
and radiation pressure opposing growth. Then, density perturbations which have
undergone 0.5, 1.0, 1.5, .. full cycles of compression/rarefaction are observed at a
maximum amplitude at recombination, and these give rise to a series of “acoustic
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Figure 1.7.: Illustration representing three projected views of determining the global
geometry of the universe. The global geometry of the universe is inferred
by observing the first peak (large angular scale, or low multipole) of
the CMB power spectrum, i.e., the angular projection of the horizon at
last-scattering-surface (Hu, 2018).
peaks” which correspond to harmonics of the acoustic scale. Due to projection effects
and other more complex details, the peaks are not quite at integer multiples in `,
but they are nearly equispaced at ` = (0.75, 1.75, 2.75) `A, where the acoustic scale
`A ' 301, so the first three peaks are near ` = 220, 500, 800 respectively.
Multipole ` of the first peak

` < 220 closed universe
` ≈ 220 flat universe
` > 220 open universe
(1.34)
At small scales (large `), the CMB spectrum declines in a “damping tail” due
to the process of Silk damping: photons underwent a random-walk process prior
to recombination, and therefore were able to diffuse a finite distance relative to
baryons. Density perturbations smaller than this distance were exponentially reduced
in amplitude, leading to the damping tail. The rate of damping of the power spectrum
depends on all of the cosmological parameters of a given model.
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1.3.4. Baryonic Acoustic Oscillations (BAOs)
BAOs produce the peaks of the CMB power spectrum, which correspond to the
matter content of the universe. BAOs can also be observed in the distribution
of galaxies. BAO initially form from overdense regions of the primordial plasma
(when the energy content of the universe was radiation dominated). The overdense
regions gravitationally attracts matter towards it, while the outward pressure from
the coupled photon-baryon interactions counteracts the inwards gravitational force,
creating oscillations due to the pressure differences, analogous to sound waves. These
overdense regions consists of Dark Matter, baryons and photons. The outward
pressure results in spherical sound waves, made up of both baryons and photons,
propagating at a speed slightly less than ∼ c/√3, from the overdense region. However,
the Dark Matter interacts only gravitationally, and is cold therefore the Dark Matter
does not follow the sound-wave but perturbations grow in-place, hence remaining
in the centre of the overdense region. Then, after recombination, the baryons and
photons decouple, with the photons propagating away freely throughout the universe,
hence being observed today as the CMB, leaving behind a shell of baryons with a
fixed radius, hence the BAO. The radius of the shell of baryons (or BAO) is referred
to as the sound horizon, which continues to expand along with the universe. After
recombination, the BAO scale is almost fixed in co-moving coordinates, just expanding
with the expansion of the universe, with a current size of ∼ 150 Mpc. Thus, we
expect to observe an enhancement of galaxy pairs separated at ∼150 Mpc, see Figure
1.8. This feature was predicted theoretically, then discovered in 2005 by 2dFGRS
(Cole et al., 2005) and SDSS (Eisenstein et al., 2005) redshift surveys. Observations
are analysed by computing the fractions of excess galaxy pairs ξ(s) at co-moving
separation s. The graph in Figure 1.9 plots s2ξ(s) against s, to emphasise larger
scales and more clearly show the obvious BAO peak. In cosmology, the sound horizon
of the BAOs are used as a “standard ruler” complementary to the “standard candle”
method with supernovae, which is then used to constrain cosmological parameter
via the co-moving distance, equation (1.21) using the sound horizon instead of the
luminosity distance) and angular diameter distance, equation (1.32).
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Figure 1.8.: Cartoon image showing the size and geometry of the BAOs, produced
by (SDSS-BOSS, 2015). The images shows the spheres with a baryonic
shell surrounding the initial DM clumps.
Figure 1.9.: Plot of the fraction of excess galaxy pairs times the square of their
co-moving distance vs their co-moving separation. This plot emphasizes
the larger scales, making the BAO peak more apparent, showing the
enhancement of the galaxy pairs (or baryonic density) at ∼ 150 Mpc
(SDSS-BOSS, 2015)
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1.3.5. Gravitational Lensing
Gravitational lensing is the event of when a distribution of matter such as a star,
galaxy or cluster that’s placed between a distant light source and an observer, causes
the light from the distant source to bend due to its gravitational field, as the light
travels towards the observer (see Figure 1.10 for illustration of gravitational lensing).
Gravitational lensing was first proposed by Soldner in 1801, in context of Newtonian
theory. Soldner calculated the magnitude of the deflection due to the Sun, assuming
that light consists of a hypothetical particle. He found the deflections angle of light
due to the gravitational field of a body to be;
α =
2GM
v2b
(1.35)
where v is the velocity of the hypothetical particles of light, b is the impact parameter
between light and object and M is the mass of the object. This led to the estimation
that light from a distant source grazing the Sun will be deflected by ≈ 0.85 arcsecs.
In 1911, Einstein used the ‘Equivalence Principle’ and Euclidean geometry to derive
the deflection angle of light due to gravity, which lead Einstein to the same result
as Soldner. Later in 1915, Einstein published his new theory of General Relativity;
then later Karl Schwarzchild found an exact solution to the Einstein Field Equation
(i.e., the Schwarzchild metric, corresponding for external gravitational fields of non-
rotating and spherically-symmetric bodies of mass M). These led to a new derived
result of the light deflection angle due to a body’s external gravitational field. The
derivation is as follows,
ds2 = −
(
1− 2GM
rc2
)
c2dt2 +
(
1− 2GM
rc2
)−1
dr2 + r2dθ2 + r2 sin2 θdφ2 (1.36)
for simplicity we set G = c = 1, the Schwarzchild metric is symmetrical about
θ = pi/2 resulting in dθ = 0, sin θ = 1, and light travels on null geodesics ds = 0. We
use the Lagrangian approach, setting L2 = ds2/dλ2, where λ is the affine parameter,
which is a useful parametrization for tangent vectors on a curved manifold, satisfying
the geodesic equations. Otherwise in a time-like case, the affine parameter will be
the proper time, dλ = dτ . With these simplifications equation (1.36) is expressed as;
L2 = −
(
1− 2M
r
)
t˙2 +
(
1− 2M
rc2
)−1
r˙2 + r2φ˙2 = 0 (1.37)
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using the notation x˙µ = dx
µ
dλ
, we can now solve the Euler-Lagrange (EL) equations
by setting µ = t & µ = φ. See appendix (A.1) for the full derivation.
Solving the EL equations for µ = t, φ and solving for r, and setting u = 1/r, we
obtain the following orbital equation;
∂2u
∂φ2
+ u = 3Mu2 (1.38)
The above equation has the general relativistic solution as:
u =
sinφ
R
+ ∆u (1.39)
where ∆u = (3M/2R2)(1 + 1
3
cos 2φ) is a perturbation to first order, and R is the
impact parameter of the closest approach (or length) at which the gravitational field
interacts with light causing it to deflect. Setting sinφ ≈ φ, cos 2φ ≈ 1 for small
angles, one can obtain the expression; (see: Carroll (2004) and Hobson et al. (2006)
for full explicit derivation on how to obtain the general relativistic solution for the
orbital equation 1.38).
u ≈ φ
R
+
2M
R2
(1.40)
For a light beam coming in from infinity to the body’s gravitational field then going
back out to infinity, i.e., for r → −∞ and r → +∞, both leading to u = 1/r → 0.
Applying these conditions into equation (1.40) and taking the total of φr for both
cases, gives the results of the total deflection (i.e., ∆φGR = 2φr, via symmetry) of the
light bending angle caused by a body of mass M gravitational field is expressed as;
∆φGR =
4GM
c2R
(1.41)
The light deflection angle predicted by GR, equation (1.41) is exactly twice the
Newtonian result derived by Soldner, equation (1.35), obtaining the estimation of
light from a distant source grazing the Sun at ≈ 1.75 arcsecs, which was observed in
1919.
Gravitational lensing was one of the successful predictions of GR, describing the
curvature of spacetime due to the presence of matter & energy (the lens) causing
the path of a light-ray from a distant source to an observer, to follow the curved
spacetime of the lens, i.e., deflecting the light-ray via the lens.
The first observation of gravitational lensing was performed by Arthur Eddington,
Frank Wasto Dyson and other collaborators in 1919 during a solar eclipse. The solar
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Figure 1.10.: Illustration of light path in gravitational lensing, showing the beam of
light bending as it travels along a curved spacetime. (ERC, 2017)
eclipse allowed the background stars near the sun to be visible. Comparing to the
photographs of the same patch of sky a few months earlier, the stars nearer to the
sun were being slightly deflected causing the stars to appear out of position.
1.3.5.1. Strong Lensing
The case of the extreme regime of lensing, constructed with a very massive lens
object such as a galaxy or cluster, and a bright source close enough to the massive
lens such as a quasar, will cause the light-ray to take multiple paths, i.e., resulting in
multiples images or rings around the massive lens, see Figure(1.12).
The mechanism for gravitational lensing is that a lens mass, M , will cause the
light-ray to deflect via an angle αˆ(r), derived from GR given by;
αˆ =
4GM
Rc2
(1.42)
where R is the distance of closest approach of the light-ray to lens mass, or the
distance of impact from lens at which the light-ray is deflected. The lens equation
relates the true position on the sky of a source to the position of its image(s).
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Figure 1.11.: Diagram of the geometric set-up of a gravitational lensing event; with
the point mass or mass distribution (orange shaded area), observer (blue
O-point), the source (blue S-point), and the images of the source as
seen by an observer (orange I-point) (Narayan and Bartelmann, 1999).
Figure 1.11 shows the geometry of a gravitational lensing event, considering a
point mass or a mass distribution. the set-up is simply given by;
DSθ = DSβ +DLS αˆ (1.43)
Here, DS is the distance between the observer and source, DLS distance between
lens and source, θ angular displacement between lens and image on the sky and β
is the angular position between lens and the un-lensed source. Since the deflection
angle is a function of the impact parameter r = R, using trigonometry therefore
α˜(R = DLθ), DL is the distance between the lens and the observer. To constrain
cosmological parameters via lensing, one would probe Di = DL, DS, DLS and apply
the co-moving distances and angular diameter distances, given in equations (1.21) &
(1.32). By setting α = (DLS/DS)αˆ, we can obtain the lens equations with angular
relation, given by,
β = θ − α ≡ θ − DLS
DS
αˆ (1.44)
For a point mass or a mass distribution lens, can result in either multiple images
or an Einstein ring. This is due to the cases of the alignment between the source and
the lens relative to the observer, which can result in different lensing phenomena.
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For a near perfect alignment one would see a lensed Einstein Ring effect, cases of
having an axisymmetric lens not aligned with the distant source will result in a two
lensed image effect. The case for a non-axisymmetric lens and not aligned with a
distant source will produce a four lensed image effect. For non-point masses the
number of lensed images should be odd or cause lensed arcs. Generally one of the
lensed image is very close to the centre of the lens and is un-observably faint (see
Figure(1.12) for a visual description of various lensing cases). The mathematical
expression for various alignments cases is given by the derivation below as,
β = θ − 4GM
c2θ
DLS
DLDS
(1.45)
Then, defining the Einstein angle θE as,
θ2E ≡
4GM
c2
DLS
DLDS
(1.46)
we obtain a quadratic of θ,
θ2 − βθ − θ2E = 0 (1.47)
This has two solutions, θ± given by;
θ± =
β
2
±
√
β2
4
+ θ2E (1.48)
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Figure 1.12.: Illustration of three different lensing effects due to the mass distribution,
which causes the lensing effects as seen by the observer (Joint ESA/-
NASA project, 2018). Top: An Einstein ring caused by a symmetric
lens; Middle: A 4-image lensed quasar caused by a axisymmetric lens;
Bottom: Lensed arcs around a galaxy cluster (non-point mass lens).
1.3.5.2. Weak Lensing
In situations where the lensing phenomena isn’t strong enough to form multiple
images or Einstein rings, lensing can cause the source to appear slightly distorted;
both stretched (shear) and magnified (convergence). If the intrinsic properties, such
as the size and shape of the source is well known, then one can use the shear and
convergence to deduce the intrinsic properties of the lens itself. Unfortunately, there
isn’t a substantial amount of knowledge or information of the intrinsic properties of
the sources. However, one has information on the averaged properties of the sources
via the use of a statistical approach. The statistical approach involves observing
a large number of galaxies per patch of sky with the assumption that intrinsic
alignments are random. If the set of galaxies is lensed, on average, there will be some
overall shear and/or convergence imposed on the distribution, giving information
about the properties of the sources and the lens(es). For further details, see Heavens
(2011) for a full overview of cosmology with weak gravitational lensing.
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1.4. Gravitation & Modified Gravity
Einstein’s theory of General Relativity (GR) is one of the greatest accomplishements
to modern physics, proving us the best description of gravity on all scales and
revolutionized our understanding of the Universe. The general relativistic description
of gravity is given by the Einstein Field Equations (EFE). The EFE provides a
unified description of gravity as a geometric property of space & time or spacetime.
The manifestation of spacetime is related by the presence of a distribution of matter
& energy hence, causing the curvature of spacetime. The EFE is a system of partial
differential equations expressed as,
Rµν − 1
2
Rgµν =
8Gpi
c4
Tµν (1.49)
Here, Rµν is the Ricci tensor (or curvature tensor) contraction of the Riemann tensor
4
Rµν = R
α
µαν , describing the curvature of spacetime and R is the Ricci scalar (or scalar
curvature), contraction of the Ricci tensor R = gµνRµν , describing the amount of
curvature of spacetime. The metric tensor gµν describes the geometry of spacetime,
which is used to solve the EFE; and the stress-energy tensor (or energy-momentum
tensor) describing the distribution of matter & energy in spacetime. With the
inclusion of the extra scalar field, Λ, cosmological constant, the EFE is expressed as,
Rµν − 1
2
Rgµν + Λgµν =
8Gpi
c4
Tµν (1.50)
The EFE is illustrated as matter & energy telling spacetime how to curve, and
spacetime telling Matter & Energy how to move. The EFE consists of 16 components
therefore, 16 equations with only 10 being independent due to the gµν and T
µν being
symmetric. The left-hand-side (L.H.S) of EFE describes the geometry of spacetime
for the distribution of matter & energy to move along, while the right-hand-side
(R.H.S) describes the distribution of matter & energy curving the spacetime. It is
these equations that govern the astronomical phenomena such as the expansion of the
Universe, the dynamics and properties of black holes, the propagation of gravitational
radiation, and has giving a profound description of the formation of structures on
all scales, from clusters to planets. Over the past century, GR has been tested
against alternative theories of gravity, experiments, and wide array of observations,
4Riemann tensor is expressed in terms of Christoffel symbols as, Rαµαν = ∂αΓ
α
νµ − ∂νΓααµ +
ΓααλΓ
λ
νµ − ΓανλΓλαµ, where Christoffel symbols describe how to the local coordinate bases change
from point to point along a curved manifold, expressed in terms of metric components, Γλµν =
− 12gλα(gαµ,ν + gαµ,ν − gµν,α), Γλµν , expressing the metric components in terms of connection
coefficients.
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such as the detection of propagating gravitational radiation, gravitational lensing
events, and the orbital decay of binary pulsars. GR has successfully matched all
these observations with unprecedented precision, where other alternative theories
of gravity have failed. The limits of GR come into focus when dealing with the
large cosmological scales, regimes of low acceleration, that’s dominated by the “Dark
Sector” of the Universe. For GR to fit cosmological data, it requires an additional
cold, non-baryonic & non-visible dark matter (DM) component to match many
large scale observations, in addition to dark energy (DE) such as the cosmological
constant. Indeed, if GR is correct on cosmological scales, then it would describe the
composition with ∼ 95% of the Universe being dark, with DE (responsible for the
late-time accelerated expansion of the Universe, with a composition of ∼ 70%) and
DM (the dominant matter source needed to describe structure formation, mainly in
clusters and galaxies, with a composition of ∼ 25%); here neither DE nor DM interact
electromagnetically. At this present time, there is no decisive direct detection of DM,
or knowledge of the substance of DE. This leads some to speculate that GR may not
be the correct theory for gravity, due to this conspicuous Dark Sector, paving the way
for theorists to go beyond and modify GR, possibly describing the large scale effects
without the inclusion of DM & DE. The modification of GR has led to theoretical
developments involving higher dimensional theories, the inclusion of extra parameters
to the theory, theories with extra scalar, vector and tensor fields to produce an extra
effect or a fifth force, and even modifying the dynamics (or force law) when systems
are in extremely low-acceleration regimes. Even some theories attempt to describe
gravity via the laws of thermodynamics and treating the spacetime as an elastic
medium or the spacetime itself being described on a microscopic scale via the use
of quantum theory. As a result, the field of modifying GR has created an exciting
research path in testing modified gravity theories on all scales, becoming one of the
core tasks of many current and future observations. (Clifton et al., 2011)
1.5. Tests of Gravity
As we have previously discussed in the first couple of paragraphs in section (1.4), GR
has been tested for decades with the advancement of technology with extra sensitivity,
and has remained successfully as the theory of gravity, fitting all cosmological data
with the additional requirement of cold, non-baryonic & non-visible dark matter
that match these observations, and dark energy such as the cosmological constant.
However, some theorists speculate that GR may not be the correct theory of gravity
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due to there being no decisive direction detection of dark matter (Akerib et al.,
2017), leaving an open window for possible modified gravity theories, attempting
to account for these effects without the inclusion of exotic Dark Matter. So far, no
modified gravity theory without a dark matter content has been close to successful
in fitting CMB observations from WMAP (Bennet et al., 2013) and Planck (Ade
et al., 2016), hence the ΛCDM model with GR still remains the standard model
of modern cosmology. Nevertheless, there is still a large model space for modified
gravity theories which remains partially explored. Currently, there doesn’t exist any
“No-Go Theorem” to demonstrate that no plausible modified gravity theory could
match the CMB and other cosmological data. In the absence of a direct detection
of dark matter or No-Go Theorem, or observations excluding dark matter emulator
gravity theories, the situation at the present day remains unsettled. Having clean
and direct tests of gravity which can discriminate between GR with the inclusion of
dark matter, and modified gravity theories are desirable.
1.5.1. ‘Classical’ Non-Relativistic, Solar System tests of
Gravity
In 1916, Albert Einstein proposed three classical tests of his general relativistic
theory of gravity, which would then go on to be the standard description of gravity
in modern physics. All three tests were conducted via the use of our Solar System
and binary neutron stars. These Solar System tests of General Relativity are listed
and described in the following sections.
1.5.1.1. Mercury (Precessed orbit)
The precession (or rotation) of a planet’s pericenter around its host star can be
caused by the presence of other planets orbiting the same host star, perturbing each
others orbits. Furthermore, the effect of a host star’s oblateness can also cause the
planet’s pericenter to precess. However, the observed precession of Mercury’s orbit
deviates from the Newtonian prediction. Observations of Mercury’s precession gave
a rate of ∼ 574 arcsecs/Julian century. The rate of precession of Mercury’s orbit was
first recognised in 1859 by Urbain Le Verrier, where he used Newtonian dynamics to
calculate the precession rate of Mercury’s orbit due to the influence of other solar
bodies such as Venus, Earth, etc; and found that there was a residual unexplained
precession of 38”(arcsecs) per tropical century 5. This residual was later re-estimated
5the time that the Sun takes to return to the same position in a century in the cycle of seasons, as
seen from Earth.
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to 43” per century by Simon Newcomb in 1882. This residual of 43” was correctly
predicted by Einstein and his theory of GR. This outstanding prediction was the
first observational success of GR. In GR, the pericenter shift is derived as follows,
starting with a similar method as used in section (1.3.5) for deriving the gravitational
lens bending angle of light, by setting θ˙ = 0 & θ = ±pi/2 for orbits on the equatorial
plane and equating L2 = c2 for massive particles along time-like geodesics, hence
deriving w.r.t proper time τ ;
ds2 = c2dτ 2 = −kc2dt2 + k−1dr2 + r2dφ2
L2 =
ds2
dτ 2
= −kc2t˙2 + k−1r˙2 + r2dφ˙2 (1.51)
Where k = (1 − 2GM/rc2), using the notation x˙µ = dxµ
dτ
, we can now solve the
Euler-Lagrange (EL) equations solving for µ = t & µ = φ. See appendix (A.2) for
full derivation,
d2u
dφ2
+ u =
GM
h2
+
3GM
c2
u2 (1.52)
To solve for the orbital equation (1.52), we can use the approximate solution to
first order, given by,
u ≈ GM
c2
(1 + e cos[φ(1− α)]) (1.53)
here α = 3(GM)2/(hc)2, and the specific angular momentum h2 = GMa(1 − e2),
where a, e are the semi-major axis and eccentricity of the orbit. Subbing equation
(1.53) into equation (1.52) we can solve for φ to obtain the expression for the perihelion
shift. From this expression, the orbit is periodic, with a period of 2pi/(1− α) which
is larger than 2pi. This result entails that the orbit cannot ‘close’, so the ellipse will
precess about its focus by, per revolution by an amount of,
∆φ =
2pi
(1− α) − 2pi =
6piGM
a(1− e2)c2 (1.54)
In the case for Mercury, for orbital period T = 88 days, semi-major axis a =
5.8 × 1010m and an eccentricity e = 0.2, will give the residual precession rate of
≈ 43′′ per century. For the full explicit derivation for precession of the pericenter
of planetary orbits and deriving for the general relativistic solutions for the orbital
equations, see (Carroll, 2004) and (Hobson et al., 2006).
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1.5.1.2. Gravitational lensing (via the Sun)
The first observation of gravitational lensing was performed by Arthur Eddington,
Frank Dyson and other collaborators in 1919 during a solar eclipse. When the
observation was made, the results were compatible with GR and were considered
astonishing, making Einstein and his theory of general relativity world-famous; see
section(1.3.5) for a more general overview of gravitational lensing and the different
concepts of gravitational lensing used in cosmology.
1.5.1.3. Gravitational Redshift
Gravitational redshift is the process by which a photon emitted from a source
residing within a gravitational potential is redshifted (as seen by an observer) while
“climbing” out of the gravitational potential. This effect is due to the reduction of
the photon’s energy when propagating in opposition to the gravitational gradient.
Einstein predicted this effect in 1907 from the equivalence principle; moreover, it was
predicted that this effect can be observed in the spectral lines of white dwarf stars,
which contain very strong gravitational fields. The first accurate measurement of
gravitational redshift was done in 1954 by Popper, using white dwarf star, measuring
the gravitational redshift to be ∼21, A more accurate measurement was done later
with the Hubble Space telescope, observing the spectrum of Sirius B measuring
obtaining the gravitational redshift value to be ∼80.4 . This effect was also measured
via the Sun in 1962 and again in 1971 by studying a large number of iron lines from
the solar spectrum (Lopresto et al., 1980). However, lab experiments have definitely
verified the gravitational redshift effect to great accuracy. These experiments were
done by Pound, Rebka & Snider in 1959 & 1965 (Pound and Rebka, 1960), (Pound
and Snider, 1964). These experiments consist of measuring the change in wavelength
of gamma-ray photons via a iron gamma-ray source from a height of ∼ 22.5 meters,
measuring the effect to an accuracy better than 1% level. Furthermore, a later
experiment in 1976 was performed by using a hydrogen maser clock (or Atomic clock)
on a rocket launched to a height of 10,000 km, where they compared the rate of the
hydrogen maser clock on the rocket to a ground-based hydrogen maser clock, testing
the gravitational redshift effect to an accuracy ∼0.007% (Vessot et al., 1980). The
expression for the gravitational redshift effect is given by;
zgrav =
∆λ
λe
=
λo − λe
λe
=
∆Φ
c2
(1.55)
where λo is the observed wavelength, λe is the emitted wavelength and ∆Φ is
the Gravitational Potential difference due to the change in position within the
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Figure 1.13.: An exaggerated diagram of the geometric set-up of the Shapiro time
delay (Shapiro, 1964).
gravitational field (Carroll, 2004) and (Hobson et al., 2006).
1.5.1.4. Shapiro Time Delay of Light
The Shapiro delay (or time delay of light, or gravitational time delay), also referred
to as the fourth classical test of gravity was calculated by Shapiro in 1964 soon after
the advent of spacecraft. This effect is the time delay of the arrival time of light-rays
passing a nearby massive object and taking longer to return than they would if
the massive object were not present. The time delay is caused by the increase of a
light-ray’s path length due to the curvature induced by the nearby massive object’s
gravitational field. Since light-rays travel along null geodesics, hence the light-ray
will travel along the massive object’s curved path, arriving to its target later than it
would if there wasn’t a nearby massive object. This can be envisioned with a beam
of photons propagating from the earth towards a planet and reflected back while the
Sun is in close conjunction, see Figure 1.13.
The equation for the Shapiro time delay, ∆t is derived from the Schwarzschild
metric, the expression (Shapiro, 1964) is in terms of path along earth to point of
closest approach re, the path along plant to point of closest approach rp and ro point
of the closest approach to the Sun;
∆t ≈ 4GM
c3
[
ln
(
rp +
√
r2p + r
2
o
−re +
√
r2e + r
2
o
)
− 1
2
(
rp√
r2p + r
2
o
+
2re + rp√
r2e + r
2
o
)]
+O
(
G2M2
c6
)
(1.56)
Tests of gravity via the Shapiro time delay focuses on testing the ‘spatial’ part of
gravity (or measure the amount of curvature), since the time delay effect is due to the
curvature induced by nearby massive object’s gravitational field, which increases the
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path length of a light-ray while travelling to its target and back. In 2003, the Cassini
spacecraft flew by Saturn and measured the Shapiro time delay via the Parameterised
Post Newtonian (PPN) parameter γ. The parameter γ is responsible for the amount
of curvature that is produced by a unit rest mass 6, and is predicted to be 1 in GR.
Cassini measured the value of γ to be ∼ 1 + (2.1± 2.3)× 10−5, hence a very small
deviation from one (Bertotti et al., 2003).
1.5.2. ‘Strong’ Relativistic tests of Gravity
The general prediction of all known relativistic theories of gravity is the existence of
Gravitational Waves (GW), which are the propagation of the disturbances of the
spacetime curvature generated by accelerated massive objects such as black holes
and neutron stars. Another prediction are direct observations of the immediate
environment of the Super Massive Black Hole (SMBH) at the galactic center probing
the existence of Event Horizons.
1.5.2.1. Gravitational Waves (LIGO)
All relativistic theories of gravity predict the emissions of GWs. However, these
various theories predict different types of GWs. In the context of GR, GWs are
a type of quadrupole radiation, analogous to the electric quadrupole radiation 7.
In the case for gravity, the electric charge density is replaced by the mass density
of a binary orbit rotation about its barycenter, producing GWs in the form of
a quadrupole radiation. Furthermore; the existence of GWs does not suffice to
discriminate between various relativistic theories of gravity. Although, there is the
avenue of discriminating via the different types of GWs that various theories predict.
One method of distinguishing between theories is by determining the propagation
speed of GWs. In the context of GR, GWs have a velocity that is strictly equal
the speed of light in a vacuum, while some other theories do not. The modified
relativistic theories that predicted the velocity of GWs differing from the speed of
light in a vacuum were ruled out with the recent near-simultaneous detection of GWs
and short gamma-ray burst (GW-20170817 & GRB-20170817A) (Abbott et al., 2017;
Boran et al., 2017; Ezquiaga and Zumalacarregui, 2017). However, there are still
some modified gravity theories which survive this constraint. Another test which can
6In the context of GR, PPN parameters such as γ are equal to one, and any significant deviations
from one will result in violating GR.
7A electric quadrupole radiation consists of alternating positive and negative charges arranged on
the corners of a square, rotating about its center and producing a quadrupole type radiation.
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Figure 1.14.: Polarization states of GWs affecting a ring of test particles (time goes
from left to right), as predicted by GR (Kro´lak and Patil, 2017,).
greatly distinguish between theories is of the polarity of the GWs. GR predicts GWs
with tensor polarization effects, these being (“plus, +”) & (“cross, ×”) polarization
denoted as h+ & h× as shown in Figure 1.14 affecting a ring of particles. Other
theories allow up to four additional vector & scalar polarization modes therefore,
detection of these additional polarization modes will give a clear violation to GR
(Thomas et al., 2017). This all depends on the extent to which observations can
identify all the individual polarization modes to see how much they differ from the
GR prediction to test gravity. However, the recent observations of GWs by the Laser
Interferometer Gravitational-wave Observatory (LIGO) has begun the new era of
GW astronomy, which will lead into tightly constraining gravity via the speed of
GWs and potentially being sensitive enough to determine the GW’s polarization
modes. Future detections of GWs will be enhanced to unprecedented precision by
Advanced LIGO & Laser Interferometer Space Antenna (LISA).
1.5.2.2. Binary Pulsars
Another relativistic test of gravity is via the search of binary pulsar systems that
are influenced from the emission of GWs. Pulsars are rapidly rotating neutron stars
that emit a beam of electromagnetic radiation. When these beams pass over the
earth, as it rotates, we observe regular pulses of radiation, analogous to a light-house.
Binary pulsar systems are of great significance for testing gravity on the relativistic
regime. These systems can exhibit relativistic precessions about the pericenter that
are ∼ 103 times larger compared to the Mercury-Sun system. They are also a source
of GWs, if all five “Kepler” parameters are well measured being, the orbital period
P , semi-major axis a, eccentricity e, the inclination of the orbit i, argument of the
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pericenter φ and the two masses of the system. The orbital period can be observed
and it is proportional to the product of the masses and the semi-major axis. The
eccentricity is obtained from the asymmetry of residuals, where the peak of these
residuals indicates the semi-major axis times the inclination of the orbit. The masses,
inclination and argument of pericenter can be obtained via the relative precession
of the orbital and the Shapiro delay. Given the high degree of accuracy to which
the orbits of these systems are known, one can predict the amount of GW power
emitted influencing the orbit of these systems by causing a change in their angular
momentum, i.e., the change in their orbital period (or orbital speed). This can be
probed by observing the decrease in the orbital period of the binary pulsar systems
over a period of time; at a rate which is predicted by theories. So far, the rate of the
Hulse-Taylor systems which has been observed for over 30 years has followed the rate
predicted by GR (Weisberg et al., 2010). In GR, the quadrupole formula described
the rate at which GWs are emitted from a system of masses based on the change
of a system’s mass quadrupole moment (or system’s mass density), carrying away
positive energy. For the case of binary pulsar systems, their orbital period decreases
due to the orbital energy of the system converting into emitted GW energy. However,
other relativistic theories predict GWs in the form of a dipole moment carrying away
negative or positive energy, which can be attributed to the violation of the Strong
Equivalence Principle (SEP). This dipole radiation is expected from systems where
the mass difference of the bounded pair is large (usually a Pulsar with a White Dwarf
companion) and have highly eccentric orbits. To date, no observation of a dipole
radiation has been detected. Binary pulsars are powerful probes of relativistic tests
of gravity however, it has its limitations of some parameters used to test gravity
being model dependant; also there are observational caveats of obtaining all the
parameters of the binary pulsar system to test gravity. To date, all binary pulsar
tests of relativistic gravity are consistent with GR (Damour and Taylor, 1992), and
more recent tests from the work of Kramer (2010).
1.5.2.3. Future Test: Imaging SMBH at Galactic Centre with EHT
A Future test of relativistic gravity consists of the imaging of the SMBH at the
galactic center of the Milky way galaxy via the use of the Event Horizon Telescope
(EHT). The EHT is a global network of existing sub-millimetre telescopes, creating
an Earth size interferometer with angular resolving power that is the highest possible
from the surface of the Earth. The EHT is on a mission to directly observe the
immediate environment of the SMBH with an angular resolution comparable to the
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event horizon. Observations made by the EHT will set out to image the strong gravity
effects near the SMBH, consisting of direct detection of the dynamics of orbits moving
with velocities close to light speeds. It will also probe the existence of event horizons
and fundamental black hole physics. The key science objective of testing relativistic
gravity with the EHT is via the SMBH’s “shadow”. GR predicts that photons emitted
by the gas falling into the SMBH should travel along the null geodesics of the extreme
curved spacetime, influenced by the SMBH. This would result in forming a ring of
light around the “shadow” corresponding to the location of the SMBH. The goal
for the EHT is to observe the SMBH’s dark shape on a bright background of light
coming from the surrounding matter, deformed by a strong spacetime curvature. See
Figure 1.15 for an artistic description of the SMBH shadow for clarity. The main
focus of testing and comparing various gravity theories is via the imaging of the
SMBH’s dark shape and size. The shape and size depends mostly on the SMBH’s
mass, and to some degree, on its spin. The “no-hair” theorem tells us that these
are the only two parameters describing spacetime around a SMBH; there’s also the
electric charge, which can be neglected. GR predicts the dark shape to be roughly
circular, whereas alternative theories predict a slightly different geometry. Therefore,
detection of the shadow and observing the SMBH’s dark shape and determining
whether it’s circular or not would be a observational test of gravity in the strong
relativistic regime (Doeleman et al., 2018; Mizuno et al., 2018; Psaltis, 2018).
1.5.3. Cosmological tests of Gravity
The Standard model of cosmology, i.e., the ΛCDM model, assumes GR as the theory
to describe gravity on all scales. However, the energy content of the ΛCDM model
poses a major puzzle in both Astrophysics and Particle physics. By looking at the
energy content of the ΛCDM model, we see that baryons only account for ∼5%
of the energy content as inferred from observations. Thus, introducing the exotic
components dark matter and dark energy, hence DM and DE, and keeping GR intact
as the theory of gravity, accounts for the remaining 95% of the total energy content
of ΛCDM. The ΛCDM model has successfully fitted cosmological observations, and
cosmologists have been able to account for the overall expansion of the universe, the
late-time accelerated expansion and large scale structures.
To explain the late-time accelerated expansion, the value required for Λ must
be incredibly small. Particle physics offers a natural candidate for the DE (or
cosmological constant Λ), and predicts the existence of a vacuum energy, also
providing it with a value. However, the value predicted is many orders of magnitude
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Figure 1.15.: Figure describing the SMBH shadow, comparing the geometry predicted
by GR to against other geometries that could be described by an
alternative theory of gravity. (Doeleman et al., 2018)
larger than the observed value that assumes GR. Although, there is the alternative of
GR not providing the best description of gravity, and not having to require exotic DM
and DE. The ΛCDM model assumes that GR is still valid at galactic and cosmological
scales. Since GR has not been tested independently on these scales, it is important
to investigate the validity of GR; alternatively, this may require to revise the theory
of gravity on galactic and cosmological scales, and the ΛCDM model based on GR.
Recently, there has been a significant process in the development of Modified
Gravity (MG) theories, which attempt to describe the overall expansion, late-time
acceleration, and the large scale structures without the inclusion of DM and DE.
The approach of testing gravity on these large scales is via testing GR through
cosmological observations in a model-independent way, to see if these observations
detect deviations from observables predicted by GR. Cosmological probes of gravity
can be sectioned into two categories. One category probes constrains the overall
expansion history and the geometry of the universe. The second category constrains
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the growth and history of structure and the clustering over space and time in the
universe. These two categories can be combined, which results in breaking further
degeneracies between cosmological parameters and tightening constraints. The two
categories can also be compared for consistency. Contrasting constraints can reveal
systematics in some data-sets or the need of some extensions to the underlying gravity
model. According the literature (Koyama, 2016; Ishak, 2018; Jain and Khoury, 2010),
the most useful probes for modifications to GR is via the growth constraints. The
various methods used to test gravity on cosmological scales are discussed in further
detail in the following sections below.
1.5.3.1. Lensing
As we have discussed in detail in section (1.3.5), gravitational lensing is the event
of when a trajectory of photons traveling towards us from remote sources such
as galaxies and clusters are deflected by matter over-densities in the intervening
medium. Depending on the positions and geometry between the source, lenses and
observer, the deflections can result in either strong or weak lensing, see section (1.3.5).
Weak lensing, the more common of the two lensing phenomena, consists of very
small distortions to the shape of millions of galaxies, which can be accounted for
using statistical techniques. This results in a significant signal and can probe the
cosmology of the intervening deflector medium including any modifications to GR at
cosmological scales.
Weak lensing constrains any modification to GR via the growth factor function
and any other changes in the matter power spectrum. Weak Lensing has various
correlations functions to probe both gravity and cosmology, which are related to
the shear and galaxies, with each correlation being sensitive to certain cosmological
parameters. One of the correlations is the shear-shear correlation thats sensitive
to σ8(z)ΩM(z)
γ, there’s also the shear-galaxy correlation, sensitive to σ8/b, and
the galaxy-galaxy correlation, which is sensitive to bσ8. All these correlations are
related to the matter power spectrum. The ΩM(z) is the matter density parameter
as described in section (1.3), σ8(z) is the Growth of Structure
8 and b is an unknown
bias constant from the ‘linear bias’ relation between the fractional matter over-
density δM ≡ ρM/ρ¯M−1, and the overdensity of galaxies within a specified volume
8σ8 measures the root mean square (RMS) of density contrast δM on scales in a 8 h
−1Mpc sphere.
This parameter is measured at high-redshifts, i.e., from the CMB, and it is extrapolated to today,
based on linear theory via the growing mode function of linear growth D(z). σ8 is a crucial
parameter for cosmology, which has big influence over the growth of fluctuations leading to the
large scale structure we observe today, also constraining which redshifts we expect structures to
have formed. Latest measurement of σ8 by Planck is σ8 ≈ 0.81
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δg ≡ ρg/ρ¯g−1, hence the linear bias relation expressed as δg ' bδM .
Weak lensing is a powerful probe for cosmology and gravitation, however it
suffer from observational caveats with very challenging systematic effects. These
systematic effects include atmospheric distortions of weak lensing observations,
redshift distribution of background galaxies, intrinsic correlation of galaxy shapes,
and non-linear modeling uncertainties.
The work done by, Reyes et al. (2010) eliminate the unknown bias constant b
by combining all the correlations for weak lensing as mentioned above, plus with
the additional probes such as galaxy clustering, and galaxy velocities derived from
galaxy clustering in redshift-space. The work proposes a model-independent test to
probe gravity on cosmological scales with the parameter EG, which is sensitive to
any modifications of gravity that manifest in differences in growth rate of structure,
gravitational slip9, or both, see (Reyes et al., 2010; ?) for full explicit derivation of
EG. In the context of GR+ΛCDM model, the parameter EG will equate to EG = 0.4,
and any modifications to gravity may give a different value. In the work (Reyes et al.,
2010) they find the value EG '0.39±0.06 at redshift z ' 0.3 on tens of megaparsecs
scales.
1.5.3.2. Redshift-Space Distortions
Redshift-space distortions (RSD) is an effect where the spatial distribution of galaxies
appear squashed and distorted when their positions are plotted by converting redshift
to distance (i.e., redshift-space). This effect is due to galaxies peculiar velocities
causing a Doppler-shift, in addition to the redshift caused by the expansion of the
universe.
RSD have two manifestations; one being the “Fingers of God” effect, where the
galaxy distribution is elongated in the redshift-space, with the axis of the elongation
pointing towards the observer (Jackson, 1972). The Fingers of God effect is caused
by the quasi-randomness of the peculiar velocities of bound galaxies that reside in
structures such as clusters. Another manifestation of RSD is the “Kaiser effect”
(Kaiser, 1987), where this distortion is caused by the coherent motions of galaxies
falling inwards towards the centre of a super-cluster, while the super-cluster is
assembling. Depending on the dynamics of the event, the Kaiser effect does not
usually lead to an elongation in redshift-space, but rather an apparent flattening or a
9The gravitational slip is the sum of two scalar gravitational potentials, (i.e., Φ−Ψ, where Φ is
the Newtonian potential and Ψ another scalar potential), which is derived from the perturbed
FLRW metric. In the context of GR, the sum of these potentials equate to zero, while other
modified gravity models will differ from zero.
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pancake-like structure of the galaxy distribution in redshift-space. The Kaiser effect
dominates on large scales, and the two can be distinguished on the larger scales of
cosmology, where these effects occur.
These manifestations, producing such effects due to galaxies peculiar velocities,
causing an additional Doppler-shifting, are a result of Special Relativity (SR), and
have been observed in real data-sets. However, there are additional effects that are a
result of GR. These GR-RSDs are; the gravitational redshift distortion (McDonald,
2009), which is associated with the gravitational redshift phenomena as discussed
in section (1.5.1.3), and its the case of the net gravitational redshift, or blueshift
acquired for a photon to climb out of a gravitational potential well of a distant source
such as a galaxy will fall into the gravitational potential well of the Milky Way.
This effect will result in making those distant sources appear closer or further away
depending the result of their potential, See McDonald (2009) for a more explicit
description. The other effects of GR are observed, and its the case of when the
trajectory of photons from a background distant source passes near or through a
galaxy or cluster that is closer to the observer. One of these effects is gravitational
lensing, which has been previously discussed in section (1.3.5) and (1.5.3.1).The
other effect is the Integrated Sach-Wolfe effect (ISW) (Sachs and Wolfe, 1967). The
ISW effect occurs on very large scales, when the gravitational potential is changing
(shrinking) due to dark energy: a photon crossing a large super-cluster will lose less
energy climbing ‘out’ of the potential than it gained falling in, giving a net blueshift
term.
Probing gravity via RSD on cosmological scales, the distortions depend on cos-
mological parameters via the linear theory of the perturbation growth rate and the
scale factor, expressed as;
f(z) =
d lnD(z)
d ln a(z)
≈ ΩM(z)γ (1.57)
where D(z) is the growth factor function, proportional to σ8(z), a(z) is the scale
factor as a function of redshift, as described in section (1.3), and γ is the growth index
parameter, where γ ' 0.55 for GR, and different for modified gravity models. By
measuring the perturbation growth rate f(z) via galaxy redshift surveys, measuring
the isotropically averaged galaxy power spectrum or by high-redshift surveys that
measures the matter power spectrum, constraining cosmological parameters. It is
feasible to constrain γ, hence ruling out certain modified gravity theories. See the
work done by Pouri and Basilakos (2013) for constraints on the growth rate index
parameter γ.
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1.5.3.3. Difficulties in separating Non-GR from breakdown of ΛCDM
An important question is whether we can distinguish in cosmology between more
complex forms of dark energy, or a modification of GR causing deviations from the
Friedmann equation. It is impossible to distinguish these cases from measurements
of cosmological distances and geometry alone, because if we allow the dark energy
to be a free function of redshift, with energy density ρDE(z) = fDE(z)ρDE(z = 0),
the Friedmann equation becomes H(z) = H0
√
Ωm(1 + z)3 + ΩDEfDE(z) and any
observed H(z) can be matched with a suitable choice of fDE(z) (though in some
cases the implied fDE(z) may be theoretically improbable for dark energy behaviour).
However, if we combine measurements of both structure growth and expansion
history vs redshift, it is usually possible to distinguish, because in GR the linear-
theory growth function D(z) (describing the growth of small-amplitude density
perturbations) is uniquely specified given knowledge of H(z), e.g. equation (63) of
Lahav and Suto (2004).
In modified-gravity models, the growth of structure is in general different to a
GR model with the same expansion history, so combining the two measurements
in principle can discriminate between non-standard dark energy, or modified GR.
Applying this test requires significant improvements over current data, and is one
of the important goals for future cosmology surveys such as the Euclid (Amendola
et al., 2018) spacecraft and Large Synoptic Survey Telescope (LSST) (Zhan and
Tyson, 2018).
1.6. Gravity at the Galactic & low acceleration
scales, Dark Matter (DM) or Modified
Gravity (MG)?
Tests of gravity at the galactic scales and low acceleration regimes proceeded from the
observations of luminous matter such as stars and gas within the galactic disk. The
observations consisted of measuring the orbital speed of visible matter versus their
radial distance from the galactic centre, which is usually referred to as the ‘rotation
curve’ of disk galaxies. The first successful observations that fit with modern data
was published in 1957 by Henk van de Hulst and collaborators, who studied M31
(Andromeda galaxy) with the 25 meter Dwingeloo telescope. Later, a companion
paper by Maarten Schmidt showed that this rotation curve could be fitted with a
flattened mass distribution more extensive than the luminous matter. In 1959 Louise
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Volders used the same telescope to demonstrate that the spiral galaxy M33 also does
not spin as expected according to Keplerian dynamics. In the late 1960s to early
1970s, Vera Rubin used a sensitive spectrograph to measure the rotation curve of
edge-on disk galaxies to high accuracy. The measurements led to the discovery that
most of the stars in disk galaxies orbit at roughly the same speed, which implied
that masses grow approximately linearly with galactic radius, well beyond most of
the stars in the galactic disk. Later in 1980, when Rubin presented her results, the
results suggested that either Newtonian gravity does not apply or upwards of 50% of
the mass in galaxies was composed of non-luminous matter, or Dark Matter (DM)
for Newtonian gravity and GR to hold. This proceeded to what is referred to as
the galaxy rotation curve problem, where observations of the rotation curve does
not decrease with increasing galactic radii, as expected from the inverse square root
relationship. Instead, it remains ‘flat’, i.e., the speed of the rotation curve remains
constant outside the galactic bulge, as depicted in Figure 1.16. The rotation curve
problem is the discrepancy between the observed (or measured) and theoretical
prediction when assuming only luminous matter. When mass profiles of galaxies
are calculated via the distribution of luminous matter, they do not match with the
masses derived from the observed rotation curves and the law of gravity (in the
Newtonian limit). A solution to this problem is to hypothesize the existence of DM
and assume its distribution from the galactic centre out to its halo. The existence of
DM is the most accepted explanation for the rotation curve problem, and a major
feature of the cosmological ΛCDM model that describes our universe, which is based
on GR with the Newtonian approximations (or Newtonian mechanics) in describing
the weak-field limits.
Although DM provides a good description for flat rotation curves and the dominant
matter source for large-scale structure formation in the universe; due to not having
a direct detection of DM to date (Akerib et al., 2017) other proposals to this
problem have been presented, most notably the MOdified Newtonian Dynamics
(MOND) theory. The MOND theory involves the modification to Newton’s 2nd law
of motion when the gravitational acceleration is below the threshold acceleration
a0 ∼ 1.2× 10−10 m s−2, resulting into a deviation from the Newtonian prediction and
constant velocity at low acceleration regimes hence, a flat rotation curve without
the need for DM. MOND is discussed later on in further detail in section (1.6.1).
The work by Bullock and Boylan-Kolchin (2017) review the small scale challenges to
the ΛCDM model. They discuss the success of the ΛCDM framework in explaining
the large-scale structure of the universe, but on scales smaller than ∼ 1 Mpc and
mass M ∼ 1011M, the ΛCDM faces many challenges, some related to DM in
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Figure 1.16.: Rotation curve plot of the M33 galaxy. The green points on the plot
correspond to the observed velocities of objects orbiting the M33 galaxy
as a function of their distance from the galactic centre. The orange
dashed curve shows expected rotational velocity of M33 based on just
the luminous matter. Clearly, the green points do not match the dashed
line, the rotational velocity of objects outside the galaxy is far faster
than the prediction. If, there are large amounts of non-luminous matter
in the galaxy, objects far from the galactic centre would move much
faster. The solid green line is the velocity predicted for the orbiting
objects if there is DM in M33 (CfA, 2017).
galaxies, which we highlight here. These challenges are the cores observed in many
DM dominated galaxies, where the central regions of these galaxies, as inferred from
rotation curves, tend to be both less dense and cuspy than predicted for simulated
halos in ΛCDM. There is also the ‘Missing satellite problem’(MSP), where the number
of dwarf satellite galaxies (DSG) in the local universe is far below the predicted count.
A possible solution for MSP is by ‘turning off’ star formation in halos below some
mass threshold, resulting in ‘completely dark’ subhalos. However, this transformed
into the ‘Too Big To Fail’ (TBTF) problem, instead of missing satellite galaxies,
simulated ΛCDM ‘Milky Way’ contains a few (∼5) halos with circular velocities
Vcirc ∼ 30− 40 km s−1 indicative of being more massive than any observed satellite
galaxies, hence halos of this mass are generally TBTF, so the challenge here is, how
can these halos fail if smaller observed halos formed into DSG?. These challenges
are determined by comparing simulations to observed data via the mass & number
density functions dependent on DM. Even though DM and the ΛCDM paradigm
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fits extremely well to cosmological data on the largest scales and solve for the flat
rotation curves, due to there not being a decisive direct detection of DM to date,
and the small scale challenges it faces, leaves an open window for possible alternative
theories of gravity to possibly account for these effects without the inclusion of DM.
One of the main methods of testing gravity on the galactic and low acceleration
scales are conducted via galaxies rotation curves, where this involves testing the
Newtonian part of the gravitational field, and the time-time components of the
weak-field metric in GR, see appendix (A.3). Various MG theories which attempt to
explain the flat rotation curve without DM are usually referred to as ‘DM emulators’.
These MG theories may include an extra “fifth force”, dimensions, or extra additional
fields. Nevertheless, the majority have the common (or similar) acceleration threshold
a0 ∼ 1.2× 10−10 m s−2, where they deviate from the Newtonian prediction, as the
one predicted by MOND. These MG theories, which are MOND-like, have fitted
well with the flat rotation curves without the inclusion of DM. However, with the
absence of a direct detection of DM, remains the difficulty of discriminating between
DM and MG at the galactic & low acceleration scales. Part of this thesis is focused
on the prospects of gravitational tests, which can distinguish between DM and MG
via Wide Binary (WB) stellar systems. These WB can achieve accelerations below
a0 ∼ 1.2× 10−10 m s−2, where MG theories deviate from the Newtonian prediction,
and also presumably containing negligible or no DM within these WB systems, hence
providing a clean and powerful test of gravity at the low acceleration regimes. The
work on WB tests of gravity is later presented in greater detail in chapter (3).
1.6.1. MOdified Newtonian Dynamics (MOND)
Here, we give a brief introduction to the MOND theory, since many MG theories which
attempt to account for mass discrepancies in the larger galactic scales without DM,
behave like MOND in the low acceleration regime. MOdified Newtonian Dynamics
(or MOND) was first introduced to physics by Mordehai Milgrom in 1983 (Milgrom,
1983), and further developed by the work of Bekenstein and Milgrom (1986); Milgrom
(2015). The MOND paradigm attempts to account for the mass discrepancies in
galaxies and larger galactic systems without the inclusion of exotic DM. MOND is
an acceleration based theory, motivated by: 1) the flat rotation curves of galaxies, as
previously discussed 2) the slope of the Tully-Fisher relation M ∼ v4, the relationship
between the mass or intrinsic luminosity of a spiral galaxy and its asymptotic rotation
velocity, where both led to an acceleration scale. The MOND theory departs from the
Newtonian and GR prediction at the very low acceleration regimes, usually deviating
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Figure 1.17.: Plot showing the observed baryonic rotation curve of the nearby gas
rich dwarf galaxy NGC-1560. The purple solid circles correspond to the
observed velocities, solid green curve is the MOND prediction fitted to
the observed data, solid red curve is the Newtonian plus the DM profile
fitted to the observed data, and the solid blue curve is the expected
Newtonian based just on the luminous matter. This image is from the
article given by Physics World (2006), which uses the data from the
work done by Sellwood and McGaugh (2005).
at scales below the threshold predicted by MOND a0 ∼ 1.2× 10−10 m s−2, where such
accelerations are found in galactic systems. The MOND theory uses the acceleration
threshold as the boundary at which Newtonian dynamics begin to modify via the
use of an interpolating function, as shown below,
FN = mµ
(
a
a0
)
a (1.58)
where FN is the Newtonian force, m is the mass of the gravitating object, a is the
object’s acceleration, a0 is the MOND threshold, and µ(x) (with x = a/a0) is the
interpolating function. The transition between the Newtonian and MOND regime is
via the interpolating function, where it ‘switches’ from Newtonian to MOND when
the acceleration crosses below the threshold a0 such that,
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µ(x)→ 1 forx 1 Newtonian regime
µ(x)→ x forx 1 MOND regime
Thus, in the MOND regime the Newtonian force takes the form,
FN =
ma2
a0
(1.59)
Applying equation (1.59) for a circular orbit around an object of mass M (i.e., a
star of mass m orbiting the galactic centre from the outer regions of the galaxy), the
circular orbit is expressed as,
GMm
r2
= m
(v
2
r
)2
a0
v4 = GMa0 (1.60)
here the star’s rotational velocity is independent of the distance from the galactic
centre, hence resulting into a flat rotation curve at large galactic radii, (see section
3.4.1) for explicit derivation of MOND., This ‘switching’ at low acceleration regimes
also modifies the inertia, such that the MOND interpretation of inertia breaks the
symmetry of the equivalence of gravitational and inertial mass, which is one of
the foundations of GR. However, such experiments cannot be performed on the
Earth since the acceleration is much greater than a0, so the only way the equivalence
pricinple could be tested via MOND is on the galactic scales (Bekenstein and Milgrom,
1986; Famaey and McGaugh, 2012; Milgrom, 2015). Over the past decades, MOND
has fitted successfully to the observed dynamics of individual galaxies such as dwarf
to giant spirals elliptical and dwarf spheroidal galaxies, and galaxy groups based only
on the distribution of visible matter only (without DM), see the plot in Figure 1.17
showing an example of the MOND theory fitting to the observed rotation curve data
of galaxy NGC-1560.
The MOND theory also has a cosmological aspect, where the acceleration parame-
ters coincide such that a¯0 ≡ 2pia0 ≈ cH0 ≈ c2
√
Λ/3, where H0 is the Hubble constant
and Λ is the cosmological constant. However, there has been some challenges to the
MOND paradigm. One of these challenges is the case with galaxy clusters, where the
MOND paradigm cannot completely eliminate the need for DM in these astrophysical
systems, i.e., still showing a residual mass discrepancy when analysed by MOND.
1.6: Gravity at the Galactic & low acceleration scales, Dark Matter (DM) or
Modified Gravity (MG)? 69
This would require more ‘unseen’ mass for MOND to work however, this violates
the concept of MOND as the solution for the missing mass problem. Nevertheless,
the amount of unseen matter required in MOND is much less than that needed for
Newtonian. Another situation that observationally challenges MOND is the poor
fit to the velocity profiles of globular clusters and temperature profiles of galaxy
clusters as shown by Aguirre et al. (2001), and that MOND is not naturally suited
to form as a basis for cosmology, as shown by Scott et al. (2001). The MOND theory
itself is a non-relativistic theory, so it cannot be a complete theory but just a low-
velocity approximation to some unknown relativistic theory. However, its relativistic
counterpart, Tensor-Vector-Scalar (TeVeS) theory (Bekenstein, 2004), was ruled
out in 2017 from the detection of gravitational waves (GW) and electromagmetic
waves (EM) from a binary neutron star merger (Boran et al., 2017), where TeVeS
predicted a difference between the light speed and the gravitational wave speed,
where observations of the binary neutron merger showed that the speed of GW is
equal to the speed of EM (or light). The MOND paradigm still remains as a good
candidate amongst the other MG theories, until there is a direct detection of DM,
which will strongly suggest ΛCDM and no modification to Newton’s laws would be
required, or if the observations of Wide Binaries shows a Newtonian behaviour at
acceleration scales less than a0 ∼ 1.2× 10−10 m s−2. The latter is studied in chapter
(3), where the comparison between the gravity models are analysed via a velocity
& projected separation distribution, with the results comparing the gravity models
shown in section (3.5.2).
1.6.2. External Field Effect (ExFE)
The external field effect (ExFE) is a property of the MOND theory (Milgrom, 1983),
which breaks the strong equivalence principle in GR (but not the weak equivalence
principle). A comprehensive review on the ExFE is given by the work of Famaey
and McGaugh (2012), and its application in the work done by Derakhshani (2014).
The ExFE best illustrated with a subsystem such as a star cluster residing in a
parent system such as a galaxy, where the ‘external’ gravitational field (or external
field) within the galactic disk due to the accelerations (or interactions) exerted by
objects outside the subsystem, acts upon a subsystem and influences the internal
gravitational field, and the dynamics, between the objects within a subsystem itself,
i.e, the external field from the parent system adds to the internal field within a
subsystem, see Figure 1.18 for an illustration of an example of the ExFE from
a galaxy (parent system) acting onto a stellar binary (subsystem). The relative
components for this set-up are, gi (the internal acceleration, or internal field between
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Figure 1.18.: Illustration showing the ExFE from a galaxy (parent system) acting
onto the internal dynamics of a stellar binary system (subsystem). The
faint red-dashed line shows the uniform equipotential external field of
the parent system, with the red-dashed line with an arrow showing the
direction of ge towards the centre of the galaxy. The blue-dashed line
shows the ‘internal’ gravitational field gi within the subsystem (between
the stellar pair) and gie is the ‘true internal’ gravitational field between
the pair, which is the sum of the external field from the parent system
and the internal field within the subsystem.
the objects within a subsystem), ge (the acceleration, or the external field acting
upon the entire subsystem, due to the interactions exerted by objects outside of it),
and a0 (is the MOND acceleration threshold). In GR, the internal dynamics of an
isolated subsystem are independent of the external gravitational field of the parent
system in which it resides, keeping the subsystem in free-fall relative to the parent’s
frame of reference and obeying the strong equivalence principle, except for tidal
effects which are usually negligible. MOND related theories are acceleration based,
so the internal dynamics of a subsystem will be dependent on the parent’s external
gravitational field that’s acting on the subsystem, hence the subsystem is relative to
the parent’s accelerated frame of reference therefore, the internal dynamics of the
subsystem will be influenced by the parent’s external field that’s outside of it. The
ExFE makes the internal dynamics of the subsystem not in free-fall relative to the
parent’s frame of reference.
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Figure 1.19.: Diagram showing the limiting cases of the ExFE. The axis contains the
‘internal’ gravitational field of a sub system given by gi (Y-axis), and
the ‘external’ gravitational field from the parent system given by ge
(X-axis).The diagram also labels the limits at which subsystems field
becomes either MOND-like (Deep MOND) when gi > ge, or becoming
Newtonian-like with a modified gravitational constant denoted as Geff
(Quasi-Newtonian) when gi < ge. The Wide Binaries region (red oval
region) shows the limiting case at which WB systems can probe the
ExFE.
The three limiting cases of the internal dynamics of a subsystem relative to the
parent’s external field outside of it are:
• gi < a0  ge - The external field is dominant and the behaviour of the
internal dynamics of the system is purely Newtonian.
• ge < gi  a0 - The internal dynamics of the subsystem will behave like
MOND.
• gi < ge . a0 - The external field is larger than the internal acceleration of the
subsystem, but both are smaller or comparable to the threshold a0. In this case,
dynamics are quasi-Newtonian but the effective value of G is enhanced, hence
a quasi-Newtonian behaviour with a re-normalised gravitational constant, Geff
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these three limiting cases can be shown in a diagram given in Figure 1.19 below,
where we also place a region for Wide Binaries (WB), which can test the ExFE.
The ExFE can be tested via WBs, where WBs are the subsystems, and the internal
dynamics between the stellar pair can be influenced by the parent’s external field, i.e.,
the external field within the Milky Way’s disk acting on the WB systems, which can
affect the internal dynamics of the WBs to appear less MOND-like with a very small
but non-negligible deviation from the Newtonian prediction, as shown in chapter (3),
section (3.5.2).
1.7. Probing Cosmology via high-z quasars
Studying Quasars at the highest redshift can constrain many models such as the
formation of the first galaxies and Super-Massive Black Holes (SMBHs). Also, using
the spectra of the highest redshift quasars probes the InterGalactic Medium (IGM)
in the early stages of the universe. A collection of high-redshift quasars can probe the
Epoch of Reionization, the era in which the universe underwent within the redshift
range of z ≈ 6.5 − 10, translating into a time when the universe was less than 1 Gyr
old, also the at which the first large-scale structures such as galaxies and quasars
began to form (Mortlock, 2015).
1.7.1. Quasars
Quasars are the most energetic members of the class of Active Galactic Nuclei
(AGN). Their structure consists of a SMBH powering its surrounding accretion disk,
in which the accretion disk is surrounded by a torus of dust. Due to the extremely
high accretion rate, there are also relativistic jets of photons being ejected from
the central regions of the accretion disk itself. Quasars are roughly the size of
solar systems, but emit luminosities brighter than an entire galaxy, making quasars
among the most powerful and brightest objects within our universe. Due to their
high luminosities, they are bright enough to be seen at very high redshifts, as far
back as the Epoch of Reionisation, making quasars excellent probes for cosmology.
Telescopes such as SDSS (Blanton et al., 2017) and UKIDSS (Lawrence et al., 2007)
used specific techniques to search for quasars at high-redshifts, where this technique
led to the discovery of the highest confirmed redshift quasar to date, discovered at
redshift z ∼7.1 (Mortlock et al., 2011). Further details on the candidate selection of
high-redshift quasars is discussed in section (1.7.4).
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1.7.2. Reionization Era
Throughout Cosmic history the universe underwent two major phase transitions of
its baryonic content. The first was the Epoch of Recombination, z ≈ 1100, where
the universe was initially opaque in plasma, with photons coupling to electrons and
protons, unable to travel without scattering; eventually the universe expanded and
cooled enough to allow electrons and protons to couple together to form neutral
hydrogen. This resulted in an increase of the photons’ mean-free path, allowing
photons to freely propagate throughout the universe unimpeded.
The universe continued to further expand and cool, becoming very opaque in a
fog of neutral hydrogen to wavelengths near Ly-α and < 912A˚, in which the electron
can absorb, but remaining transparent to the larger wavelengths, > 1250A˚ that
gradually redshift to CMB radiation, hence transparent to CMB photons thus, the
universe enters into the ‘Dark Ages’. During the Dark Ages, the neutral hydrogen
will eventually interact gravitationally, clumping together via falling into potential
wells dominated by DM. This process leads to the formation of the first structures
such as galaxies and quasars. Eventually, with the increase of the DM’s halo, followed
with an increase of gravitational pressure, causing the large structures to condense
and form the first generation stars to release large amounts of Ultra-Violet (UV)
radiation to strip away the electrons from the surrounding neutral hydrogen. These
large structures would form a surrounding ionizing bubble, in which they all overlap
and therefore; re-ionizing the universe.
This is the second major phase transition the baryons underwent, referred to as
the Epoch of Reionization (EoR). Details of the transition phase neutral hydrogen
to ionized universe, hence when the EoR started and how long did it last, is still a
subject of intense investigation. The CMB measurements of anisotropies from Planck
constrains the EoR, via the Thomson scattering optical depth τ of free electrons
along each line of sight back to the Dark Ages. The large scale anisotropies in
polarization are particularly sensitive to the optical depth of free electrons. The
optical depth to reionization τ , provides a measure of the line of sight free electron
opacity to the CMB radiation. Taking the assumption of an instantaneous and
complete reionization at redshift zre, one can correlate zre with τ by computing
the optical depth τ as the integral of the electron density times the Thomson cross
section over geometrical path length between z =0 (today) and zre (ESA-Planck,
2016), given by the expression below,
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τ =
∫ z=zre
z=0
ne(z) σT
dl
dz
dz, (1.61)
ne(z) = nH(z = 0) xion (1 + z)
3, (1.62)
where ne(z) is the actual free electron density at a given redshift, nH number density
of hydrogen atoms at z = 0(i.e., today), xion the fraction of ionized hydrogen and σT
is the Thomson cross section of the scattering of electromagnetic radiation by free
charged particles, in this case, the CMB radiation scattering by free electrons.
The WMAP mission was the first to extract measurements of τ via the correlation
between the Temperature field and E-Modes polarization10 over a large fraction of
the sky, hence large scale anisotropies. Also, τ is correlated with the redshift, hence
measurements of τ gives the value of the fraction of CMB photons which scattered
after z ∼ 100. E-Mode polarization power spectra are expected at multipoles ` ≤ 10.
Due to the difficulty of removing systematic effects at low temperature anisotropies,
using the E-Mode polarization alone improves the constraints on τ . After a 9-year
analysis, WMAP probed the optical depth to be τ ≈ 0.089 ± 0.014, translating
to reionization centred at zre ≈ 10.3 ± 1.1. More recently, the Planck mission
obtaining the latest high-resolution CMB map to date and capable of measuring
low temperature anisotropies without the challenging systematic effects constrained
the value of the optical depth to be τ = 0.058± 0.012, including both E-Modes and
the Temperature field. With just the E-modes alone, this translates to reionization
centred at zre = 9.9
+1.8
−1.6; with a combination of other measurements and other data
sets from (i.e., Kinematic Sunyaev-Zel’dovich effect, WMAP 9-year, lensing of the
CMB, BAO measurements..etc) gives a value of zre = 8.8
+1.3
−1.2, resulting in an overall
analysis with reionization occurring at zre = 8.2
+1.0
−1.2, see (Adam et al. (2016) for
Planck and constraints on EoR).
The exact nature of reionization is dependent on the production, distribution and
the complex interplay of ionizing photons, with the topology of the Inter-Galactic
Medium (IGM). Both semi-analytical and numerical simulations done by Iliev et al.
(2014) & Iliev et al. (2015) have converged on a broad consensus on how the EoR
occurred. The current theoretical status of how the EoR unravelled is based on the
hypothesis of the first ionizing sources, ionizing the surrounding neutral hydrogen,
producing a roughly spherical “bubble” (or envelope) of ionized plasma. As more
ionizing sources began to populate the universe, followed with the growth of the
10E-Modes, anisotropies are from density (or scalar) perturbations in the early universe creating a
polarization pattern of a particular type known as E-Modes
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“ionizing bubbles”; this led to the “bubbles” overlapping causing the surrounding
neutral hydrogen to become more exposed to ionizing radiation.
The final stages of reionization are expected to have proceeded quickly as UV
photons ionized the remaining final pockets of neutral hydrogen. As soon as the
remaining bulks of neutral hydrogen were ionized, UV light was capable of escaping
from the early galaxies and quasars, revealing the high-redshift universe that we see
today via infra-red telescopes.
The observational constraints on unravelling the reionization phase were placed via
quasars and the Gunn-Peterson (GP) trough (Gunn and Peterson, 1965). The GP
troughs are the absorption lines of a quasar’s spectra due to the presence of neutral
hydrogen within the IGM, which are characterized by the complete suppression of
the electromagnetic emission of the quasar’s spectra, wavelengths less than that of
the Ly-α line at the redshift of the emitted light, within the Ly-α forest, see Figure
1.20 for an illustration of the GP effect on a quasar’s spectrum. The GP trough
differs from the Ly-α forest, the GP is when Ly-α forest is completely overlapped
and blocked across a broad window due to a partly neutral intergalactic medium.
Quasars happen to have nearly uniform spectral features, regardless of their position
and distance from the observer. Their spectra will only differ if the emitted photons
interact with matter along the line-of-sight. At large distances the quasar’s emission
spectra are redshifted with the increase of the GP trough, bluewards from the quasar’s
Ly-α; due to the IGM at earlier times.
Observing quasars out to higher redshifts gives more clarity on the EoR. Since
quasars emit photons at such high redshifts, it is possible to place tight constraints
on when reionization ended. Also, the GP troughs out to such high-redshifts provides
a clearer picture of the surrounding IGM at the current quasar’s redshift.
From 2001-onwards, quasars above z ≥ 5 are being discovered in wide-field optical
& infra-red survey telescopes such as (SDSS, UKIDSS, and VISTA) (Blanton et al.,
2017; Lawrence et al., 2007; Sutherland et al., 2015). From these observations; quasars
at z ≥ 6 began to show a GP trough within their spectra, while the quasars with
z < 6 did not. This gave a clear indication as to when the EoR ended (Becker et al.,
2001). This observation also showed the abrupt increase in the rate of evolution of
the optical depth of the IGM at z ' 5.5 via analysing the evolution in the scatter of
the transmitted fraction between the ly-α forest and ly-α emission as a function of
redshift i.e., tracing the evolution of the ionizing UV background and neutral fraction
of the IGM with redshift , which can translate into probing the end of the overlap of
ionizing bubbles phase of reionization (Fan et al., 2006). In general, measurements
of the GP troughs via high-redshift quasars gives insight on the reionization state
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Figure 1.20.: Cartoon image of the emission line of a quasar, representing the Gunn-
Peterson effect (Wright, 2004). On the far right beneath the quasar is
the redshifted ly-α emission, the troughs on the left are the photons
being absorbed by neutral hydrogen clouds known as the ly-alpha forest.
The greater the redshift of the quasar, the more neutral hydrogen clouds
will exist between the source (i.e., quasar) and the observer along the
line-of-sight. At higher redshifts there are more neutral hydrogen clouds
to overlap ly-alpha forest across a broad window, completely suppressing
the flux, hence resulting in a GP trough.
and neutral fraction of the IGM, giving clear indications of the evolution of the final
phases of the EoR, from the universe being in a neutral state to proceeding quickly
into an ionized state. Due to this robust method of probing EoR, further tests were
developed as more quasars were being detected at greater redshifts. In particular the
size of the absence of flux “Dark Gaps” in a quasar’s spectra explained the varying
UV background of the IGM as the Dark Gaps increased in size with z ≥ 6 when the
IGM becomes more neutral. Also, measuring the size of the ionizing bubbles, which
the quasars reside in, grow with decreasing redshift, providing constraints on the
epochs at which reionization took place.
However, probing the end of reionization with z ∼ 6 quasars remains slightly
uncertain. This is due to quasars residing in regions that contain a high density of
ionizing sources, thus a population of quasars not providing a good representation of
the IGM during EoR. It requires many more independent sight lines and spectra,
which will be observed in the future by Gamma-Ray-Burst (GRB), deep galaxy
surveys, future infra-red telescopes such as Euclid and the Square Kilometre Array
(SKA). Future observations of the 21-cm line from SKA will revolutionise our current
knowledge of the Dark Ages following the EoR with prospects of obtaining a full
3-dimensional imaging of the IGM on all scales (linear and non-linear). This will allow
to easily rule out competing reionization models as shown in the work of Pritchard
et al. (2015)
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High-redshift quasars still play an important role probing the EoR and the IGM
(Mortlock, 2015). More quasars will be discovered at higher-redshifts with future
infra-red telescopes such as Euclid, thus representing as ideal targets for future SKA
observations. Nevertheless, high-redshift quasars will continue to provide tighter
constraints on the IGM during EoR.
1.7.3. Formation & Evolution of Super Massive Black Holes
(SMBHs)
The formation & evolution of SMBHs in the early universe still remains a challenge
to our understanding. The difficulty lies with determining the SMBH’s initial state
(or its “seeding”) and the accretion mechanisms of their growth to SMBHs with
mass M ∼ 109M by redshift z ≥ 6.5 within the standard ΛCDM paradigm. This
unresolved piece of the universe’s history, where many astrophysical events took
place, is a very active field of research, including both theoretical modeling and
numerical simulations (West, 1994).
In 1978 a review paper by Rees (1978) considered three different scenarios for
the seeding formation and subsequent pathways to growth of SMBH. These in-
cluded growth from stellar mass black holes, runaway direct collapse of gas in the
proto-galactic centers and the collapse of dense star clusters, (also see more recent
developments from the work done by Volonteri (2010); Begelman et al. (2006). There
has also been the concept of using population III (Pop-III) stars as SMBH seeds,
where these Pop-III stars represent the first generation of stars formed at zero met-
alicity gas. These Pop-III stars are expected to have formed in halos with masses
M ∼ 106M collapsing at z ∼ 20 − 50. There is also the additional possibility of
Primordial Black Holes (PBHs), produced by the density fluctuations during the Big
Bang. All of the above scenarios are viable candidates for the progenitors of SMBHs
discovered in the high redshift universe, probing less than 1 Gyr after the Big Bang.
This particular research field focused on the general description on the full evolution,
from the seeds and mechanisms to drive their rapid growth to form SMBH is still
under theoretical development with the inclusion of numerical simulations (Regan
et al., 2017). The observational aspects related to this research field is via the
observation of quasars, powered by the SMBHs at their centers, providing more
constraints. The difficulty arises from the different paths these SMBHs could have
taken in order to grow during their limited cosmic time range. The formation and
growth involves the accretion rate of the SMBH seeds, the amount of mass accreted
per unit time by a gravitating body, emitting radiation through the balance between
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radiation, and gravitational pressure via the Eddington Limit. The Eddington Limit
is derived as follows, beginning with the balance between the “inward” gravitational
force and the “outward” radiation pressure using Euler’s equation in hydrostatic
equilibrium, where the average acceleration is zero;
du
dt
=
−∇P
dρ
−∇Φ = 0 (1.63)
where u is the velocity, P is the pressure, ρ the density & Φ is the gravitational
potential. If the pressure is dominated by radiation therefore;
− ∇P
ρ
=
κ
c
FRad (1.64)
where κ is the opacity of the stellar material equating to the ration between the
Thomson scattering cross section for electrons in units of area per unit mass, and
the mass of a proton, (i.e., κ = σT/mp), and FRad is the radiation flux. Assuming
that outward radiation pressure balances gravitational attraction, this occurs at
luminosity;
L =
∫
FRad · dS = c
κ
∫
∇Φ · dS
c
κ
∫
∇2Φ · dV = 4piGc
κ
∫
ρdV
LEdd =
4piGc
κ
M ≡ 4piGmpc
σT
M
arriving to the Eddington Luminosity expressed as,
LEdd = KM, K =
4piGmpc
σT
(1.65)
where K represents all the constants in the equation. For the mass falling into the
gravitational potential well will result in huge luminosities, therefore the luminosity
radiated away in terms of efficiency , with mass accretion rate M˙ is given by,
Lacc = M˙c
2 (1.66)
equating LEdd with Lacc we obtain the Eddington accretion rate,
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M˙Edd =
K

M (1.67)
So, bodies undergoing M˙Edd will result in exponential growth with e-folding time
/K. For  = 0.1 this equates to ∼ 40 Myr
Discovering quasars at high redshifts is significant because they place stringent
constraints on the mechanisms driving the growth of the SMBH seeds. Quasars
discovered at redshifts z ≥6.5 harbouring a 109M SMBH, seeding from a 102M at
z ∼ 20, with the efficiency  ∼0.1, would require a little more than ≈17 e-folding
times equating to 680 Myr for the 102M seed mass to reach the 109M SMBH mass
by z ≥7.0. The time taken for the universe to evolve between z ∼20 and z ∼7 is
less than 600 Myr within a flat ΛCDM universe, hence not enough available time for
the seed mass to grow to its large SMBH mass, which pushes the limits within the
standard ΛCDM paradigm. There are three options for seeding a SMBH within a
ΛCDM universe; (i) starting with a stellar black hole and having a shorter e-folding
time, e.g. smaller  or super-Eddington accretion rate; (ii) having a cluster of stellar
black holes → the cluster collapses → using less e-folding times; or (iii) a direct
collapse from a 106M gas cloud forming a black hole and undergoing Eddington
accretion rate within the available time limits of ΛCDM.
Observationally, further constraints can be applied to the evolution of SMBHs
via the quasar luminosity function (QLF). The QLF charts the space density of the
luminosity from accreting quasars per magnitude interval in redshift space, hence
containing the information of the mass build up rate of SMBHs. In many cosmological
simulations the QLF is now the minimum requirement for the evolution for SMBHs,
this is given by the equation from the work done by Boyle et al. (2000); Fan et al.
(2001a); Schmidt et al. (1995), often parametrized with a double power-law;
Φ(M, z) =
10k(z−6)Φ(M∗, z = 6)
100.4(α+1)(M−M∗) + 100.4(β+1)(M−M∗)
(1.68)
where α is the faint end slope, β the bright end slope, M the absolute magnitude,
M∗ the break magnitude and Φ(M∗, z = 6) the space density at z = 6 of quasars
with magnitude M∗. The factor 10kz accounts for the observed decline with the
redshift in the space density of quasars between z = 3 and z > 5.
The Mass Function (MF) for SMBHs can be obtained by the inversion of the QLF.
This is due to most SMBHs at z ∼ 6 are in an active phase of accretion accreting
close to the Eddington limit. The MF places observational constraints on the build
up of SMBHs in the early universe. Scaling relations between the SMBHs and their
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host galaxy in the local universe indicate that both grow synchronously via the same
physical process during their formation. Searching for more high redshift quasars can
set tighter constraints on the formation & evolution of SMBHs in the early universe,
giving greater insights on their seeding states; also, placing lower limits on the density
of SMBHs in the early universe (Venemans et al., 2013).
1.7.4. Searching for high-z quasars with optical & infrared
telescopes
Optical surveys such as the Sloan Digital Sky Survey (SDSS) (Fan et al., 2001b)
and the Canada France High Redshift Quasar Survey (CFHRQS) (Willott et al.,
2010) have discovered ≥ 60 quasars at z ∼ 6. This was accomplished with the use of
photometric detections of distinctive quasar colours. The key photometric detection
of a strong z ∼ 6 quasar candidate is to isolate the characteristic flux break blueward
of the Ly-α transition brought about by the thickening of the Ly-α forest towards
higher redshifts. The technique involves exploiting the Ly-α transition by placing at
least two filters either side of the redshifted Ly-α. Photometric detections of these
high redshift quasar candidates, where these objects appear as extremely red faint
point sources, are then followed-up by spectroscopic observations. These objects
are carefully placed on a colour-cut plot (comparing the colour and magnitude of
the object across various wavebands), confining the quasars to a specific colour
region, distinct from main-sequence stars, brown dwarfs, and galaxies. In principle,
this facilitates candidate selection in just two wavebands, but in practice, the third
waveband is necessary to permit measurement of the continuum slope redward of
the Ly-α as a means to reduce contamination from cool stars.
This is the technique used by SDSS (Fan et al., 2001b) and CFHRQS (Willott
et al., 2010); both make the initial selections in the wavebands i − Z and then
proceed with a follow-up J-band image of promising candidates prior to spectroscopic
confirmations. For z ≥6.4, the Ly-α begins to shift out of the SDSS’s Z-band
range. Current survey telescopes such as the Panoramic Survey Telescope And Rapid
Response System (Pan-STARRS)(Morganson et al., 2012), push the optical limit and
progress towards higher redshifts by selecting i-band dropouts (i.e., no detections
in the i-bands, with detections in greater wavelength bands). However, faint optical
detections make it rather difficult to reject the high abundance of galactic stars with
quasar like properties. To obtain quasars with redshifts z >6.4, a new technique was
implemented in survey telescopes by using near-IR as their selection space. This
approach was successful in UKIRT Infrared Sky Survey (UKIDSS) (Lawrence et al.,
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2007), (Venemans et al., 2007). They incorporated a combination of optical and
near-IR wavebands, e.g., (Z, Y, J, H, Ks), where the Y-band was useful in cutting
out cools stars that peaked in the near-IR regions. To this day, this method led
UKIDSS to discover seven quasars above z > 6, including the discovery of the highest
redshift quasar to date (Mortlock et al., 2011). Working within the same parameter
space as UKIDDS is ESO’s Visible and Infrared Survey Telescope for Astronomy
(VISTA) (Sutherland et al., 2015). VISTA has also been successful in discovering
quasars at redshifts z ≥ 6.5, observing only a percentage of its aimed 1500 deg2 sky
area in wavebands ZYJHKs.
Part of this thesis will be in extending the work from (Findlay et al., 2012), using
more of the recent data (or more sky coverage) from VISTA, including more selecting
of quasar candidates techniques for a more robust and efficient method for discovering
quasars at redshifts z ≥ 6.5.
1.8. Probing Gravity via WBs
Wide Binaries (WB) are stellar binary systems with very large separations, for
example r ≥ 3kAU, and each member of the binary contains a mass within the range
∈(0.5 - 1.5)M, hence always achieving gravitational accelerations a ≤1.2×10−10ms−2;
i.e., values comparable to the MOND acceleration parameter (Milgrom, 1983), and
accelerations limits where MG theories deviate away from the Newtonian and GR
prediction in the extremely weak-field limit. These are usually MG theories that
attempt to modify GR in various ways to describe effects in cosmology where DM is
required such as the near-flat rotation curves of galaxies and large scale structure
formation without the inclusion of exotic DM. Thus, the acceleration found in these
WB systems are comparable to the local gravitational acceleration due to our Milky
Way Galaxy (MWG) acting on systems at galactic radii RMWG ≥ 8kpc, where the
flat-lining of the rotation curve occurs. WB systems also presumably contain no
significant amount of DM. WB systems can be tidally disrupted by other external
gravitational encounters such as Giant Molecular Clouds, fast moving perturbers or
DM MACHOs (Yoo et al., 2003); and cause the WBs to unbind. If a WB becomes
unbound, it will do so on timescales ∼ 10 Myrs, which is much shorter than the
age of the galaxy; thus there should be a reasonably clear distinction between the
currently bound and disrupted binaries.
The experimental tests of gravity that are discussed in section (1.5), are grav-
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itational tests where some constrain the Parametrized Post-Newtonian (PPN)11
parameters β (the measure of non-linearity in the superposition law for gravity g00)
and γ (the amount of space-curvature gij produced by a unit rest mass) (Will, 1993).
The tests which constrain the PPN parameters are performed by: perihelion preces-
sion (e.g., Mercury’s precessed orbit) constraining both β and γ , while gravitational
lensing and the Shapiro time delay constrains just the γ parameter. The other tests of
gravity such as gravitational redshift tests the Equivalence Principle of GR, GWs test
the ratio between the light speed and gravity, and other parameters; binary pulsars
tests the quadrupole moment via its emission of GWs, and the PPN parameters
β and γ via its orbit, and SMBH imaging (e.g., using the EHT) tests the strong field
limits of gravity.
On the other hand, WB system tests of gravity constrains the Newtonian part of
the gravitational field (or time-time component of the weak-field metric in GR, see
appendix A.3) at the low acceleration regimes, which is complementary to other tests
of gravity as discussed in section (1.5) on all scales, which constrain Post-Newtonian
terms and/or the equivalence principle.
These WB systems have the qualities of containing no significant amount of
DM, and achieving very low accelerations, less than the MOND threshold a0 ∼
1.2× 10−10 m s−2, marking these systems as powerful and pure model-independent
probes of gravity. Using WBs to perform tests of gravity offers the prospects of being
able to discriminate between DM and MG theories.
Attempts in using WBs to test gravity have been done previously by Hernandez
et al. (2011, 2012, 2014) and Matvienko and Orlov (2015); where they gave hints of
detecting a MOND-like effect in their work, though due to the limited precision of the
data used in their work, the hints they claim are not yet decisive, hence leaving this
area of research partially explored. Part of this thesis will be focused on the prospects
for testing gravity via WBs in the low acceleration regimes, which is based on the
paper (Pittordis and Sutherland, 2018); which extends on the previous work done
by Hernandez et al. (2011, 2012, 2014) and Matvienko and Orlov (2015). Our work
differs from the Hernandez and co-workers by focusing on the improved precision with
the on-going GAIA mission, and providing new statistical tests of gravity, allowing
11The Post-Newtonian (PN) formalism is a calculation tool which expresses the non-linear Einstein
theory of gravity in terms of the lowest order deviations from Newton’s law of gravity. This
formalism compares metric theories of gravity with each other in the slow-motion, weak-field
limit, allowing solar system tests of gravity to be performed. The Parametrized Post-Newtonian
(PPN) formalism is a version of PN that explicitly details the parameters in which a theory of
gravity can differ from the Newtonian theory. The PPN formalism is a tool used to compare
Newtonian and Einsteinian gravity in the slow-motion, weak-field limit (Will, 1993).
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us to explore the External Field Effect (ExFE) model of the MOND theory (Famaey
and McGaugh, 2012). We provide a new interesting statistical test of gravity via
WBs by looking at their joint distribution of observables that can be derived from
the on-going GAIA mission, ideally their projected separations and relative velocities.
This is done by simulating & numerically computing the observables for a large
number of orbits and predicting their distributions for a variety of MG models that
we compare with the Newtonian prediction, (see chapter 3). Since WBs contain no
significant amount of DM, their orbital parameters, hence their distribution should
follow a Newtonian prediction, where the velocity ratio between the relative velocity
and circular Newtonian velocity for a current separation, should remain less than
the
√
2 limit for bound orbits, (see section 3.5.2).
1.8.1. Previous searches for WBs
One of the main observational challenges with WB systems is their extremely long
orbital periods, ranging on timescales of ∼ 105 Yrs, and their very small accelerations
and velocity differences, hence a full orbital solution is not possible. Nevertheless,
a large sample of WB systems can still provide interesting constraints, as we show
in chapter 3. WBs received little attention in the past, due to their observational
challenges. However, some WBs were selected fairly robustly with pre-GAIA data,
i.e., data from Hipparchos (Lepine and Bongiorno, 2007), the SlowPOKES search
from SDSS (Dhital et al., 2010), and (Tokovinin and Kiyaeva, 2016), using proper
motions to reject chance projection candidates or unbound fly-by pairs; but the
relative velocities in these pre-GAIA catalogues are not precise enough for the
resulting binary dynamical testing. Also, in the pre-GAIA data, there is a gap in
the magnitude range 10 < V < 14, which isn’t too well explored for WBs. This
magnitude range includes millions of stars, and potentially many thousands of WBs,
which are bright enough to follow-up with high-resolution ground-based spectroscopy.
Another part of this thesis is in searching for these WB systems via the latest
GAIA data release 2 (GDR2) (Brown et al., 2018), where we produce a sample
of un-perturbed, pure WBs, which will then be followed-up with high-resolution
ground-based spectroscopy to confirm they’re ‘real’ WBs. This sample of pure-real
WBs will then be used to compare with the plots as simulated in section (3.5.2) to
perform our tests of gravity as described in the work by Pittordis and Sutherland
(2018).
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1.9. Outline of Thesis
In Chapter 2, we discuss the methods used to search for high-redshift z ≥ 6.5 quasars
via the VISTA/VIKING survey, where we extend on the search criteria used in the
work of Findlay et al. (2012) and Venemans et al. (2013). This follows with producing
a sample of high-redshift quasar candidates, which are then cross-matched with the
sample from Dr Bram Venemans, selecting the ‘good’ quasar candidates for follow-up
photometry taken by Bram Venemans, using the ESO NTT 3.6 m telescope.
Chapter 3 is based on our recent published work Pittordis and Sutherland (2018)
of testing modified gravity theories via wide binaries (WB) and the GAIA spacecraft.
This work focuses on testing gravity via WB stellar systems containing separations
& 5 kAU, proving an interesting test for gravity at low accelerations of . 10−10 ms−2.
In this chapter we use Python-based simulations of a large sample of orbits for very
wide binary stars in various modified gravity theories. The simulated binaries are
then ‘observed’ at random epochs and viewing angles to produce distributions of
observables, notably the 3-D relative velocity vs the 2-D projected separation. The
results indicate significant differences between predictions of modified gravity theories
compared to standard Newton/GR; which should be testable observationally using
GAIA data release 2 (GDR2), and high-precision radial velocities from ground-based
telescopes, producing an interesting constraint on modified gravity theories.
Chapter 4 continues from the work done in chapter 3, with the aim to produce
a ‘clean’ and unperturbed (i.e., free from contaminants) sample of WB candidates
from GAIA data release 2 (GDR2), which can then be followed-up with ground-
based spectroscopy to obtain their radial velocities. In this chapter we search for
WB candidates within the GDR2, with magnitudes G≤16, parallax ωˆ ≥5 mas, and
maximum separation of 40 kAU. This follows with cutting out the galactic plane and
clusters from the WB sample, also rejecting WB candidates that may contain a third
‘faint’ star companion, stars paired up with more than one star, and low-quality stars.
This leaves us with a sample of ‘clean’ WB candidates with precise measurements of
their projected velocities and separations. The ‘cleaned’ WB candidates are then
ready for follow-up with high-resolution spectroscopy from ground-based telescopes,
obtaining their radial velocities. The sampling of WBs projected velocities, separation,
and radial velocities, allow us to perform a clean model-independent test of gravity
as described in chapter 3.
2. Searching for High-z, z ≥ 6.5
Quasar Candidates with VISTA
/ VIKING
2.1. VISTA / VIKING
VISTA is a 4.1 metre wide-field, visible and infrared survey telescope equipped with
the world’s largest near-infrared imaging camera (VISTA IR-CAMera, VIRCAM)
with 1.65 degree diameter field of view, and 67 Mpixels giving 0.6 deg2 active pixel
area, operating at wavelengths in the range from 0.8 to 2.3µm. VISTA is operated
by the European Southern Observatory (ESO); VISTA was originally conceived
and developed by a consortium of 18 universities from the United Kingdom, led by
Queen Mary University of London; it was later transferred to ESO as part of the
UK’s accession agreement. VISTA is located on the peak at ESO’s Cerro Paranal
Observatory in Chile, 1500 meters from the main summit housing ESO’s Very Large
Telescope (VLT). The Atacama desert, which houses most of ESO’s world class
telescopes is believed to be the driest desert in the world, making it an ideal site to
base visible and near-infrared telescopes. This remote place lying 2,500 meters above
sea level and 12 km inland from the Pacific provides excellent atmospheric conditions,
ensuring the sky is photometric 78% of the year round, the seeing full-width-half-
maximum (FWHM) is 0.66 arcsec at the 50th percentile. The full design, technical
overview and performance of VISTA is given in Sutherland et al. (2015). Here, we
will give a short overview of VISTA and the VISTA Kilo-degree INfrared Galaxy
survey (VIKING).
The telescopes optics uses a very fast two-mirror Quasi-Ritchey-Chretien design.
The 4.1m diameter primary mirror is a hyperboloid of f/1.0 focal ratio, together
with a 1.24m convex hyperboloid secondary mirror. This arrangement produces a
f/3.25 Cassegrain focal station. The Cassegrain focal station is the focal point on
VISTA capable of carrying one large instrument at any time; currently the only
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instrument in use is VIRCAM. The telescope will also include a wide-field 2400 fibre
multi-object spectrograph (4MOST) De Jong et al. (2012), which has been approved
by ESO for installation in 2021. VISTA uses active optics; the primary mirror has a
84-point active axial support system, while the secondary mirror is mounted on a
hexapod for 5-axis position control. The telescope has a conventional structure via
a very compact Alt-azimuth mount with a moving mass of 90 tonnes and a sweep
radius of 4.6 m. VIRCAM is mounted on the Cassegrain rotator on the back of the
primary mirror cell. VIRCAM has a mass of 2.9 tonnes, including a 800 kg cold
mass with a length of 2.8 m. The camera also includes a 95 cm diameter vacuum
window, a long cold-baﬄe tube to minimise the thermal background on the detectors,
a lens barrel with three Infrasil field-corrector lenses, an 8-position filter wheel of
1.37 m diameter and sixteen Raytheon VIRGO 20482 HgCdTe near-infrared detectors,
resulting in a mean pixel scale of 0.339 arcsec. The detectors have a 4x4 rectangular
grid arrangement within the 1.65 degree (350 mm) diameter field of view, providing
an active field of 0.60 deg2 on the pixels. VIRCAM is also equipped with two fixed
auto-guiders, two fixed low-order wavefront sensors (using CCDs), and a movable
beam splitters feeding the science detectors for high-order wavefront sensing. The
telescope is housed in a 19m diameter enclosure: to minimise local seeing effects,
the enclosure includes features such as a powerful air cooling system to maintain
the interior at night-time temperature during the day, active cooling of all electronic
boxes in the dome, six large ventilation doors, a movable windscreen to optimise
airflow during observing times, and a movable moon-screen for reducing the stray
light. The whole system set-up of VISTA is designed mainly for efficient surveying
of large areas of sky.
The main focus of VISTA for the discovery of high-redshift quasars is via VIKING.
VIKING is a medium-depth extragalactic survey covering 1350 deg2 of sky, forming
a natural intermediate between VISTA Hemisphere Survey (VHS) and VISTA Deep
Extragalactic Observations (VIDEO), covering mostly in the southern hemisphere.
VIKING looks for quasars at depths ∼1 mag fainter than the VHS and has successfully
discovered three quasars at z > 6.5 in the first 2 years observing only 331.6 deg2
Venemans et al. (2013), a fraction of its observing coverage of 1350 deg2; which were
followed-up with NTT i, z bands and FORS spectroscopy. VIKING sky coverage
includes almost all of Two-degree-Field Galaxy Redshift Survey (2dFGRS), matching
the VLT Survey Telescope (VST-KIDS), includes some coverage of SDSS optical
surveys, all the Herschel-ATLAS survey fields except the northern hemisphere, and
GAMA Redshift survey fields. VISTA/VIKING is optimally placed for follow-up
from southern telescopes including VLT, ALMA and E-ELT. VIKING provides
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coverage in all five of VISTA’s broad band filters to achieve its planned science goals
being (high-redshift quasars, photometric redshifts, weak lensing analysis and the
observation of BAOs, galaxy cluster searches, the study of galaxy stellar mass content
and searches for cool stars). The observation strategy is that each rectangular tile
(1.5 × 1.0 deg) is observed in two visits, with the J-band split into two equal time
slots (i.e., Z, Y, J1, and at a different night, typically a few months apart, J2, H,
Ks). This is beneficial for high-redshift quasar searches, Z & J pass bands are taken
simultaneously to avoid any change of spurious Z-dropouts caused by proper motion
or transient objects mistaken as high-redshift quasars.The second J-band observation
can flag moving or variable objects such as asteroids, or variable stars, which could
otherwise masquerade as Z-band dropouts; objects with ‘inconsistent’ photometry
between two J-band epochs can be rejected from a candidate list. VIKING will detect
∼ 6 × 106 stars and ∼ 20 × 106 galaxies down to a 5σ detection limit of J' 20.9
mag (Vega system, CASU, 2018). The survey is currently delivering a zeropoint of
Z' 23.95, Y' 23.50, J' 23.79, H' 23.89, and Ks' 23.06 (Vega system), the median
AB 5σ magnitude limits, are as follows; Z' 22.70, Y' 21.97, J' 21.74, H' 21.23,
and Ks' 21.11, providing an ideal parameter space for discovering a significant
sample of z ≥ 6.5 quasars. As mentioned in the end of section (1.7.4), part of the
thesis is based on the extension of the work done by Findlay et al. (2012), where we
apply more efficient methods to search for high-redshift quasar candidates where the
majority of the search focused via the VIKING survey.
2.2. Reducing Quasar Candidates from
VISTA/VIKING
The VIKING survey is using ESO’s UK-built VISTA survey telescope to image
1500 square degrees of sky in five broadband near-infrared filters, from 0.8µm to
2.3µm. This project will use this data to search for high-redshift quasars using
multi-colour selection, in particular the Z-dropout method and extensions thereof.
The VIKING survey has already found three of the nine known z > 6.5 quasars in
the first quarter of the data, and since then we have more than doubled the sky
area. The selected quasars will be followed up with major facilities such as VLT and
ALMA to understand their physical properties including black-hole masses.
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2.2.1. Selecting High-redshift, z ≥6.5 Quasars.
Quasars are the most luminous non-transient objects within our universe and can be
seen out to redshifts z ≥6.5 making them excellent probes for cosmology, especially
studying the EoR. However, quasars at these high redshifts are extremely rare and
difficult to detect. There are only a handful of known z ≥6.5 quasars, including
the z ∼7.1 quasar detected by Mortlock et al. (2011) using UKIRT (Hodgkin et al.,
2009), the three quasars observed at (z ∼6.6, z ∼6.75 and z ∼6.89) by Venemans
et al. (2013) using VISTA telescope (Sutherland et al., 2015) another three quasars
observed by Venemans et al. (2015) at (z ∼6.508, z ∼6.527 and z ∼6.658) using PAN-
STARRS1 (Denneau et al., 2013), one quasar detected at z ∼ 6.7 −6.9 by Subaru
Hyper Suprime-Cam (HSC) with the Subaru High-z Exploration of Low-Luminosity
quasars (SHELLQs) project (Matsuoka et al., 2016), and one quasar detected at
redshift z ∼ 7.5 with an 800 million solar-mass black hole, detected by Ban´ados et al.
(2018) using Wide-field Infrared Survey Explorer (WISE) (Wright et al., 2010).
There are various methods locating these rare objects out to such a high redshift
but the main two methods are the Bayesian statistics, which is used by Mortlock
et al. (2011), Mortlock (2014) to discover the z ∼7.1 quasar, and the Z-dropout
method that was used by Venemans et al. (2015), Findlay et al. (2012) to locate the
other six z ≥6.5 quasars. We select high-redshift quasar candidates by extending on
the methods described by Findlay et al. (2012) and Venemans et al. (2015). We use
the software packages including TOPCAT (Taylor, 2005) and DS9 (SAOImage DS9,
2018) to pick out our high-redshift quasars.
Quasars have very distinctive spectra with a very strong Ly−α emission line. The
Ly-break from neutral hydrogen along the line-of-sight is what we depend on mostly
for us to distinguish its redshift. Therefore, quasars with redshifts z ≥ 6.5 will
have a Ly−α emission line being redshifted into the Y-band near-infrared filter, a
non-detection in the Z-band (since the Z-band flux is almost entirely absorbed by the
neutral hydrogen in-between the observer and quasar) hence, the Z-dropout method,
then, the quasar will be relatively bright in the Y and J bands, then relatively fainter
in H and Ks-bands due to blue continuum slope (see Figure 2.3). All magnitudes are
given in the AB system. For magnitudes obtained in VISTA we use the Vega to AB
conversions provided on the Cambridge Astronomical Survey Unit (CASU) website.1:
ZAB = ZV ega + 0.52, YAB = YV ega + 0.62, JAB = JV ega + 0.94, HAB = HV ega = 1.38
and Ks,AB = Ks,V ega + 1.84 (Sutherland et al., 2015).
1http://casu.ast.cam.ac.uk/
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The criteria for locating quasars with redshifts z ≥ 6.5 is illustrated below in
Figures 2.1, 2.2, 2.3, and 2.4. On the colour-colour diagram of Z-Y vs Y-J the z ≥6.5
QSOs will be found in the upper left of the colour diagram, see Figures 2.1 and 2.2.
This correlates with the spectrum in Figure 2.3, in which the spectrum is related
to the image-set across all VISTA filters as shown in Figure 2.4, also an example
image of a z ≥6.5 quasar (VIKING J030516.92-315056.0) (Venemans et al., 2013)
found using the criteria as shown in Figures 2.1, 2.2, and 2.3 is provided by Figure
2.5. The general characteristics of quasars at z ≥6.5 are:
Quasars at z ≥6.5
• Show the most amount of observed Flux in the Y-band/filter
• Faintest or No detection in the Z-band/filter therefore, always the flux FZ < FY
• Bright in J-band/filter with flux less or equal to that detected via the Y-
band/filter, FJ ≤ FY
• Begins to become faint in H-band/filter
• Fainter in the Ks-band/filter
The artificial quasar colours vs redshift shown in Figures 2.1, 2.2 and 2.3 from
the work done by Findlay et al. (2012), were generated by taking observed spectra
for a sample of real quasars, then artificially shifting these to higher redshifts (a
simple multiplicative rescaling in wavelength); then suppressing flux at the shorter
wavelengths of restframe Ly-α to account for the strong absorption by the Ly-α forest;
multiplying by the VISTA filter transmission/wavelength curves to give simulated
fluxes in each passband, then converting fluxes to magnitudes and colours.
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Figure 2.1.: The Z, Y, J colour plane; simulated redshift evolution tracks for real
quasars artificially redshifted to various redshifts are colour coded as
indicated by the colour bar. The dashed line describes the general
principles of quasar colour selection in the Z, Y, J band/filters, enclosing
the vast majority of high-redshift, z ≥ 6.5 quasars while rejecting the vast
majority of galaxies, foreground F-K stars and M,L,T dwarfs (Findlay
et al., 2012).
Figure 2.2.: Similar to Figure 2.1, diagram including the dashed line of the quasar
colour criteria, and the extended conservative quasar colour criteria given
by dashed-dotted line. The colour plane also includes foreground objects
such as simulated main-sequence stars, (O-K, M, L, T) dwarfs, and
galaxies; located outside the quasar colour criteria, well separated from
the quasar colour criteria (Venemans et al., 2013).
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Figure 2.3.: An average Quasar spectrum artificially redshifted to z =6.5 (solid
black curve) by Findlay et al. (2012). This gives an example of a
Z-dropout method. Blueward of the Ly−α, in the Z-band/filter trans-
mission curve, there is negligible flux therefore, dropping out of Z. Com-
paring with Figures 2.1 and 2.2, the Ly−α peaks at Y with the flux
gradually declining across the passbands J, H and Ks. For compari-
son the (dash-dot & dash curves) are the spectra of cool M8- and
T5-dwarfs, which are potential false-positives in a quasar search.
Figure 2.4.: Image of an good quasar candidate at redshift z ≥6.5 across all VISTA
filters/bands; showing that there is a very faint, or non-detection in the
Z-band/filter, strong in Y & J and fades off in H and Ks.
Figure 2.5.: Image of an confirmed quasar, (VIKING J030516.92-315056.0) at redshift
z ∼6.6 Venemans et al. (2013) across all VISTA filters/bands; showing
that there is an extremely faint detection in the Z-band/filter, strong in
Y & J and fades off in H and Ks.
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2.2.2. Method for Candidate Selection
Our catalogue of the selected high-z quasars candidates was produced by applying
the following steps, as described in each section below:
We begin by applying steps 1-4 from the work done by Venemans et al. (2013), as
listed;
1. Objects should be detected in Y-band with signal-to-noise ratio (S/N>7); we
also require the object to be detected in at least one other band.
2. Only consider point sources that we define as objects having the probability of
being a galaxy (pGalaxy) with pGalaxy<0.95. pGalaxy is determined by indi-
vidual detection classifications2, which are then combined in a source merging
process to produce a set of attributes for each ‘merged’ source. Each separate
classification is combined for a merged source using Bayesian classification
rules, assuming each datum is independent, and classifying the final ‘merged
object’.
3. The aperture-corrected magnitudes in all bands (especially the Y-band) had to
be independent of the size of aperture used to within 0.2mag, using aperMag33.
4. Because z ≥6.5 quasars occupy a unique region in the colour diagram, we can
isolate potential quasars candidates from our dataset by introducing a colour
criteria.
We applied the following colour-selection criteria for z ≥6.5 quasars to the VIKING
data survey from the Vista Science Archive (VSA) (Cross et al., 2012), (VSA, 2015)
to obtain a dataset of potential quasars candidates;
2The classifications are individually computed probabilities of a source being a star, galaxy, noise
or saturation, which then after, they are all merged to determined the overall probability of
what the ‘merged source’ is.
3AperMag3 is the default point source in a band’s/filter’s aperture magnitude, corrected with
a 1 arcsec radius circular aperture on the detector. This also includes atmospheric extinction
correction, a pixel size correction, a scattered light correction, and a saturation correction.
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Quasar, z ≥6.5 criteria:
• (Z − Y ) ≥ 1.1 OR Zerr ≥ 1.08573 OR Z ≤ −99
where Zerr ≥ 1.08573 ≡ ZLim,3σ indicates a 3 times standard deviation limit on
the Z-band, and Z ≤ −99 indicates a “Flag” or non-detection in the Z-band.
Selecting candidates that are either redder than Z−Y≥1.1, or a low-significance,
or non-detection (or flag) in Z-band.
• AND − 0.5 < (Y − J) ≤ 0.5
This limits candidates to a range of moderately blue Y − J colour, since nearly
all L/T dwarfs are redder than Y − J > 0.7.
• AND (Z − Y ) > (Y − J) + 0.7 OR Zerr ≥ 1.08573 OR Z ≤ −99
Including sources in the range (Z − Y ) > (Y − J) + 0.7, allowing us to cut out
all foreground objects such as faint galaxies and (O-K, M, L, T)-dwarfs from
our quasar candidates sample; and again, selecting candidates with extremely
faint sources in he Z-band, or a Z ≤ −99 non-detection in the Z-band.
• AND − 0.5 ≤ (Y −Ks) < 1 OR Ks < 0(indicates a ‘Flag’ or Non-detection)
This cut is a range of Y−Ks colour which excludes red galaxies (Y−Ks> 1.0),
and Ks < 0, the negative Ks-band magnitudes indicates a “Flag” or non-
detection, so these are retained.
• AND (J −Ks) < 0.8 OR Ks < 0
Another colour cut which excludes red galaxies, but keepsKs < 0 non-detections
in Ks-band
• pGalaxy < 0.95
Probability of the source being a galaxy at less than 95%. This is a relatively
loose cut at this early stage of selection; we apply tighter cuts at a later stage.
From applying the selection criteria, shown in table (2.1) without the Frame-
SetID cuts, to VIKING we obtain a data-set with potential z ≥6.5 QSO candidates.
This data-set contained 28,105 candidates. On inspection of a plot of (RA, Dec)
for the quasar candidates, we found that six tiles showed a large overdensity, due
to low-quality or missing data in Z-band. We therefore remove these six Fram-
SetIDs (frameSetID=601295421540, 601295421679, 601295421724, 601295421930,
601295421967, 601295422071) from the next iteration of the SQL. This reduced the
initial data-set from 28,105 to 9,237 QSO candidates.
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Quasar, z ≥6.5 criteria code in SQL language:
SELECT frameSetID, sourceID, ra, dec,
(zAperMag3+0.52) AS zab, zAperMag3Err, zppErrBits,
(yAperMag3+0.62) AS yab, yAperMag3Err, yppErrBits,
(jAperMag3+0.94) AS jab, jAperMag3Err, jppErrBits,
(hAperMag3+1.38) AS hab, hAperMag3Err,
(ksAperMag3+1.84) AS kab, ksAperMag3Err,
pGalaxy
FROM vikingSource
WHERE (zAperMag3+0.52>0 OR yAperMag3+0.62>0 OR jAperMag3+0.94>0
OR hAperMag3+1.38>0 OR ksAperMag3+1.84>0)
AND (yAperMag3 > 0 AND yAperMag3Err > 0 AND yAperMag3Err<=0.155)
AND (pGalaxy<0.95)
AND zppErrBits<=256
AND yppErrBits<=256
AND jppErrBits<=256
AND hppErrBits<=256
AND ksppErrBits<=256
AND (((zAperMag3+0.52)-(yAperMag3+0.62)) >=1.1
OR (zAperMag3Err>=1.0857/3 OR zAperMag3+0.52<=-99))
AND (((yAperMag3+0.62)-(jAperMag3+0.94))>-0.5
AND ((yAperMag3+0.62)-(jAperMag3+0.94))<=0.5)
AND (((zAperMag3+0.52)-(yAperMag3+0.62))>(((yAperMag3+0.62)
-(jAperMag3+0.94))+0.7)
OR (zAperMag3Err>=1.0857/3
OR zAperMag3+0.52<=-99))
AND ((yAperMag3 + 0.62-(ksAperMag3 + 1.84)
BETWEEN -0.5 AND 1.0)
OR ksAperMag3 < 0)
AND ((jAperMag3 + 0.62-(ksAperMag3 + 1.84)<0.8) OR ksAperMag3 <0)
AND (NOT (frameSetID=601295421540 OR frameSetID=601295421679
OR frameSetID=601295421724 OR frameSetID=601295421930
OR frameSetID=601295421967 OR frameSetID=601295422071))
Table 2.1.: This is the SQL code used to search for our z ≥6.5 QSOs; We discarded
these selected FrameSetIDs, due each FrameSetID containing multiple
re-occuring error discrepancies. By discarding these FrameSetIDs, it has
decreased the number of data points for the SQL data from 28,105 to
9,237.
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2.2.2.1. Reducing data with SDSS & OSA matched data cuts
The Sloan Digital Sky Survey (SDSS) (Blanton et al., 2017) and SDSS-SkyServer
(SDSS-SkyServer, 2018), and the VLT (Very Large Telescope) Survey Telescope
(VST) (Capaccioli et al., 2012; Shanks et al., 2015) hosting the wide-field survey
camera (OmegaCam) OSA (2013) observe the same area of sky as VISTA (Sutherland
et al., 2015), observing the sky at wavelengths via the filters (u, g, r, i, Z(SDSS))4,
which are shorter than the wavelengths observed by VISTA (Z, Y, J, H, Ks). Thus,
objects, in this case quasars, observed via the filters e.g., observed in the i-band
from SDSS and VST are quasars limited to a maximum redshift of z ≤6.5, or very
faint M-dwarfs, hence any quasar candidates within our data-set that matches with
a source within either SDSS or VST, will be removed from our data-set, method in
removing matched data between our quasar data and SDSS & VST is as follows.
With the remaining 9,237 candidates, we matched this data-set with the data
downloaded from the SDSS SkyServer.org SDSS-SkyServer (2018) and OmegaCam
Science Arxiv (OSA) OSA (2013), which holds catalogue data products for Omega-
Cam on the VST (Capaccioli et al., 2012), (Shanks et al., 2015). This method is
done by uploading our 9,237 candidates onto the CrossID option on both SDSS
SkyServer and OSA, where these data archives will return a data-set on matched
and non-matched data. From the returned data-set from these data archives, we
remove all the matched data. To make sure our quasar candidates are not matched
with data from both SDSS SkyServer and OSA,
1. We first uploaded our 9,237 candidates to SDSS-SkyServer with a 2 arcsec
match radius, removing all matches.
2. After, we used the non-matches from the data-set returned from SDSS SkySrver
and uploaded it to OSA, again with a 2 arcsec match radius, removing all
matches.
Thus, leaving us with a 5,417 quasar candidates that are not matched with either
SDSS or VST OmegaCam within 2 arcsec.
4u= ultiraviolet, g=green, r=red, i=near-infrared, Z=infrared
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SQL 2MASS
SELECT pts_key, ra, dec, j_m, j_cmsig, h_m, h_cmsig,
k_m, k_cmsig, ph_qual, rd_flg, bl_flg, cc_flg
FROM twomass.twomass_psc
WHERE (j_m<12.0)
AND (((dec>-36 AND dec<-26) AND (ra>329 OR ra<60))
OR ((dec>-4 AND dec<4) AND ( ra>127 AND ra<226)))
Table 2.2.: SQL used to return all 2MASS stars with J< 12 mag in VIKING area.
2.2.2.2. Reducing data with 2MASS
For the remaining 5,417 quasar candidates; on inspection of a random sample from
the quasar candidate data-set, it was clear that a significant minority were likely to
be contaminated by halos around bright stars that are nearby within the field-of-view
of the quasar candidates. We therefore used the catalogue from Two-Micron All Sky
Survey (2MASS) (Skrutskie et al., 2006) 5, which observes the whole sky in three
infra-red wavebands: J (1.25 µm), H (1.65 µm), and Ks (2.17 µm); to produce a
bright-star list, and rejected quasar candidates close to these bright stars using the
following procedure.
We download a new data-set by using the criteria presented in table (2.2) for
2MASS via VSA, then upload the data-set onto TOPCAT (Taylor, 2005).
The SQL in table (2.2) returns all 2MASS stars with J<12 magnitudes in the
VIKING area. This 2MASS data-set from the SQL table (2.2) is then matched
with the remaining 5,417 quasar candidates, using a relatively large matching radius
of 216 arcsec. We then proceed in comparing the separation between the quasar
candidates and their matching 2MASS stars within the field-of-view via matching
their Right-Ascension & Declinations (RA & Dec). The equation used compute the
separation is given below.
Separation =
√√√√((RA1 −RA2)cos(Dec1 +Dec2
2
))2
+ (Dec1 −Dec2)2 (2.1)
here, RA1 & Dec1 are the Right-Ascension & Declination from the 5,417 quasar
5There are two 2MASS observatories, one in the northern hemisphere in Arizona and the other in
the southern hemisphere in Chile.
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Figure 2.6.: Plot showing “Separation vs JM” of the matched 2MASS and remaining
5,417 quasar candidates data-sets. The black line distinguishes between
the matched 2MASS-quasar candidates with small and large separations.
The distribution with larger separations (above the line) is consistent
with that expected for random chance alignments. The streak of points at
small separations (below the line) are quasar candidates with corrupted
photometry contaminated by the halo of a bright star nearby to the field-
of-view. This steak is unexpected from a random distribution. Therefore,
taking this distribution of the matched 2MASS-quasar candidates plus
with non-matched 2MASS, leaves us with a new reduced data-set with a
sample of 4,590 quasar candidates.
candidates, while RA2 & Dec2 are values from 2MASS data-set. We next construct a
plot of separation (in units of degrees) given in equation (2.1) vs 2MASS magnitude
JM for the resulting matches, as shown in Figure 2.6. On inspection, Figure 2.6
contains a clear overdensity in the lower-right part, this dense region is unexpected
from a random distribution which corresponds to corrupted photometry due to
contamination by the halo of a bright star near in projection to the quasar candidate.
We remove the matched 2MASS-quasar candidates from below the diagonal line in
Figure 2.6, due to those quasar candidates photometry being corrupted from a nearby
bright star halo at small separations. The matched 2MASS-quasar candidates that
are located above the diagonal line is what we expect from a random distribution,
also containing large separations where these candidates do not have corrupted
photometry due to contamination from a nearby bright star halo within the field
of view. Along with matched 2MASS-quasar and no 2MASS match, our remaining
quasar candidates data-set reduces from 5,417 to 4,590 candidates.
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Figure 2.7.: VSA page of MultiGetImage from VSA (2015); data is uploaded to the
VSA and it returns back rows of images in all filters Z, Y, J, H, Ks. Here
we used a search radius of 1 arcminute.
2.2.2.3. Reducing quasar candidates by eye
Our remaining 4,590 quasar candidates are then uploaded to the MultiGetImage on
the VSA (VSA, 2015); the example of the MultiGetImage service is shown in Figure
2.7.
After uploading our 4,590 quasar candidates onto VSA-MultiGetImage, we generate
4,590 rows of five images per row. Each image in the row is an image taken in a
specific filter in the order from left to right, Z, Y, J, H, Ks.
We then begin to observe each row and remove the rows that have contaminations
within their images such as strong detections in the Z-filter, bright stars, merging
problems, crowding problems and contaminated images due to other systematic
problems. Examples these contaminants are shown in Figures 2.8, 2.9, and 2.10.
The rows we keep are those that are not contaminated, which contain a very faint
or non-detection in the Z-band/filter, apparent in the Y and J-band/filters, and
gradually becomes slightly faint in the H-band/filter and fainter in the Ks-band/filter.
A potential and good quasar candidate is shown in Figure 2.11. After a thorough
inspection all 4,590 rows of images, we are then left with a data-set of 1,743 quasar
candidates.
We reject quasar candidates that are contaminated, where contaminants cause
faulty measurements within the photometry, and quasar candidates with a strong,
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noticeable detection in the Z-band/filter, where these candidates are most likely
quasars with redshifts z < 6.5. The ‘eye-balling reduction’ led to a removal of 2,847
candidates that had either a contaminant, strong Z-detection, or both as shown in
Figures 2.8, 2.9, and 2.10.
2.2.2.4. Reducing quasar candidates by specific cuts
After reducing our quasar candidates data-set to 4,590 quasar candidates via eye-
balling; We further reduced our quasar candidates data-set by applying specific
“cuts.” These specific cuts focus on the errors of each quasar candidate, especially on
the Z and Y bands/filters, the cuts are applied as follows:
• We define the uncertainty in (Z − Y ) colour for each quasar candidate as:
(Z − Y )err =
√
Z2err + Y
2
err (2.2)
• We then require the observed 1σ lower limit on Z − Y colour to be larger than
+1.0, i.e. equation (2.3). This cut is designed to remove quasar candidates with
measured colour slightly greater than 1.0, but with significant uncertainties
on Z − Y colour which may have scattered upwards across the Z − Y = 1.0
boundary due to random errors.
Zab − Yab − 1.0× (Z − Y )err ≥ 1.0 (2.3)
• Reject candidates with a probability of being a galaxy, pGalaxy ≥ 0.9; this
is a tightening of the earlier cut pGalaxy≤0.95 so, at this point we remove
candidates with 0.9< pGalaxy <0.95.
These specific cuts were put on a 3D plot using TOPCAT, Figure 2.12, which then
reduced our data from 1,743 to 661 potential quasar candidates with 244 Quasar
candidates with non-detection in the Z-Filter. Therefore, applying these specific cuts
to our data-set reduces the number of quasar candidates from 1,743 to 661.
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Figure 2.8.: Row of images of a detection with a “bright-star” problem. VISTA
wavebands are in the order from left to right Z, Y, J, H, Ks.
Figure 2.9.: Row of images of a detection with a“strong-detection” in Z-Filter. VISTA
wavebands are in the order from left to right Z, Y, J, H, Ks.
Figure 2.10.: Row of images of a detection with a “merging” problem as seen in Filters
Z, Y and J. SYSTEMATIC problem in Filter H and CROWDING
problem in the Ks Filter. VISTA wavebands are in the order from left
to right Z, Y, J, H, Ks
Figure 2.11.: Row of images of a detection of a Potential Quasar Candidate. VISTA
wavebands are in the order from left to right Z, Y, J, H, Ks.
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Figure 2.12.: 3D plot applying specific cuts to 1,743 Quasar candidates, reducing
the data-set to 661 quasar candidates. (Z − Y )err ≡ ZYerr on X-axis,
Zab − Yab − 1.0 × (Z − Y )err ≥ 1.0 Y-axis and pGalaxy ≤ 0.9 Z-axis.
The non-detections in the Z-Filter are located in the top-right-hand
corner region of the plot.
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2.2.3. Reducing data using DS9
We now have 661 quasar candidates within our data-set. For our candidates to be at
a redshift z ≥ 6.5, there needs to be an a extremely faint or non-detection in the
image of the Z-band/Filter. We use the software DS9 (SAOImage DS9, 2018), which
is a image manipulation program that allows us to enhance and vary the contrast
of each image, hence to analyze the Z-band images within our quasar candidate
data-set, the procedure is as follows;
• We separate our 661 quasar candidates data-set into two sub-data-sets (into
their North-Galactic-Pole (NGP) and South-Galactic-Pole (SGP) coordinates).
• We upload our two-sub-data-sets of quasar candidate onto VSA-MultiGetImage
service, as shown in Figure 2.7, and then download all the Z-band/filter images
in .FITS file format.
• Uploaded all the Z-band images from the two sub-data-sets onto DS9, and
use image enhancing tools (e.g., varying the contrast and tools to enhance the
objects within the Z-band image) within the DS9 to manipulate the Z-Filter
images. We inspect each Z-band image to see if they contain a noticeable
source, or a very faint (or) no source at all; an example of this is shown in
Figures 2.13, and 2.14.
The Z-Filter images that were enhanced and contained a noticeable object was
discarded, while the Z-Filter images that were manipulated and still showed an
extremely faint or no object/detection were kept. This procedure of manipulating
the Z-band images via DS9 reduced the number of quasar candidates from 661 to
121 Quasar candidates.
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Figure 2.13.: Z-Filter image of a potential quasar candidate where the image was
manipulated to enhance the central detection/object. This candidate
was discarded due to having a noticeable detection/object.
Figure 2.14.: Z-Filter image of a potential Quasar candidate where the image was
manipulate to enhance the central detection/object. This candidate
was kept due to having an either extremely faint or no detection/object
in the Z-Filter image.
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2.2.4. Table summarising reduced data
Here, we recall the steps in reducing the number of quasar candidates. These steps
are compressed into table (2.3).
Definitions (or Steps)
• Data from SQL VIK20150421 for Quasar Candidates Criteria:
VIK_initial= 28, 105
• Data from SQL VIK20150421 for Quasar Candidates Criteria removing six
FrameSetIDs containing all Z-Band values of ∼-9.999e8:
VIK= 9, 237
• Removed matched data between VIK & SDSS:
VIK_SDSS= 7, 393
• Removed matched data between VIK_SDSS & OSA:
VIK_SDSS_OSA= 5, 417
• Removed matched data between 2MASS-Blob (the overdensity or ‘Blob’ below
the line in Figure 2.6) and VIK_SDSS_OSA; 2MASSBlob & VIK_SDSS_OSA:
VIK_SDSS_OSA_without_2MASSBlob= 2, 182
• Non-matched data between 2MASS & VIK_SDSS_OSA:
VIK_SDSS_OSA_No_2MASS_match= 2, 408
• Merging data of VIK_SDSS_OSA_without_2MASSBlob &
VIK_SDSS_OSA_No_2MASS_match:
VIK_SDSS_OSA_No_2MASSBlob_\&_Match= 4, 590
• Removed contaminated images by eye-balling, section (2.2.2.3) from data
VIK_SDSS_OSA_No_2MASSBlob_\&_No_Match keeping potential quasar candi-
dates; VIK_SDSS_OSA_No_2MASSBlob_\&_Match_potential_quasar_cands:
Quasar_cands= 1, 743
• Applying additional cuts, see section (2.2.2.4), to Quasar_cands:
Quasar_cands_with_cuts= 661
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Definitions/Steps Data-removed Data-remaining
VIK_initial 0 28,105
VIK 18,868 9,237
VIK_SDSS 1,844 7,393
VIK_SDSS_OSA 1,976 5,417
VIK_SDSS_OSA_No_2MASS_Blob_\&_Match 827 4,590
Quasar_cands 2,847 1,743
Quasar_cands_with_cuts 1,082 661
Quasar_cands_with_cuts_DS9 540 121
Table 2.3.: Data reduction of quasar candidates from VSA using quasar criteria code
in SQL by filtering through SDSS, OSA and 2MASS datasets, applying
specific cuts that focused on the errors on each quasar candidates to further
constrain the data-set, and using procedures to analyze the images, which
involves rejecting quasar candidates that are contaminated and contain
an obvious source in their Z-band/filter.
• Using DS9 to manipulate and enhance the object/detection in the Z-Band/Filter
images, see section (2.2.3), of Quasar_cands_with_cuts:
Quasar_cands_with_cuts_DS9= 121
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After the DS9 inspection, we were left with a list of 121 ‘good’ quasar candidates.
These were cross-checked with Dr. Bram Venemans’ independent list, with the
following results; 53 were detected in the KIDS survey i-band imaging, thus likely
very late M-stars or early L-stars, 12 had been rejected after follow-up imaging and
by 2.2m or NTT photometry; This leaves 56 candidates un-detected in i-band, and
not rejected by follow-up imaging and photometry as of January 2016; these 56
candidates are listed in the table below. Further inspection of these candidates led
to them classified as ‘Good’ (20 candidates), ‘Marginal’ (15 candidates) or ‘Rejected’
(21 candidates), marked as ‘3’, ‘?’ or ‘7’ respectively in the table below. The ‘Good’
candidates include the 3 previously published quasars from (Venemans et al., 2013),
and one quasar at z ' 6.6, which was published later (Tang et al., 2018).
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RA(J2000) Dec(J2000) Comments Final Status
12.21988 -30.17048 strange Y-band source. Spu-
rious? Rejected. Streaks in
images/frames
7
13.9898 -33.9212 marked in BV list as object
with inconsistent photometry
between two tiles Medium pri-
ority. No dect in Z. faint in
K. pGalaxy∼0.05. Good can-
didate
3
15.01478 -34.25769 Z-Y=0.98.too blue for BV se-
lection Low priority. Checked
using DS9
7
15.34295 -29.03255 Good 3
16.50414 -28.46962 Good, in BV candidate list.
not observed at Jan 2016
3
17.47136 -30.79063 published quasar 3
18.23519 -31.39594 Y-J=0.51. outside BV colour
box. Also very negative J-H
and Y-K.brown dwarf?
7
21.64558 -34.50127 Z-Y=0.98. Galaxy. Not
in BV selection Low priority.
PGalaxy∼0.5. faint object in
Z
?
25.72886 -32.89856 marked as galaxy in BV list.
Bit red in Y-K for a quasar
Probable galaxy
7
27.95867 -31.37009 marked as galaxy Low prior-
ity. PGalaxy∼0.87. Faint ob-
ject in Z
?
28.38608 -31.01568 Z-Y=0.84. Marked as galaxy
Rejected. Probable Galaxy.
PGalaxy∼0.999 in second tile
7
28.57353 -29.11294 Y-J>0.6 and labeled as
galaxy in BV list.rejected as
quasar candidate Probable
galaxy
7
29.20778 -30.30034 Good 3
41.13598 -32.68295 bit large Y-K. But Good 3
44.81391 -29.0467 Good, in BV candidate list.
not yet observed
3
46.32048 -31.84887 published quasar 3
47.02771 -33.91138 Good, in BV candidate list,
not observed at Jan 2016
3
51.94906 -30.60279 looks good, Below BV S/N
cut
3
Table 2.4.: Table of our candidates matching with Bram Venemans (BV)
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RA(J2000) Dec(J2000) Comments Final Status
129.97758 0.56291135 too blue in Z-Y. In one time
too red in Y-J for BV selec-
tion Rejected. Blurred im-
ages/frames, especially in J,
H, K
7
133.86992 -0.03979 below BV Z-Y cut Rejected.
Below Z-Y cut
7
140.92723 2.51809 Good 3
158.85052 -1.48467 Y-J=0.51 (outside BV selec-
tion box) Medium priority
?
160.12537 0.35914 Good 3
160.14855 2.8443 bit red in Y-J. Marked as
galaxy in BV catalogues,
High priority. PGalaxy∼0.05.
No dect in Z. good candidate
3
161.42705 2.20554 Good, bit red in Y-K, Low
priority
?
161.74563 -1.46362 Negative Y-J=-0.58. Not in
BV selection
7
162.07952 -1.16118 Quasar. Z=6.6 confirmed
February 2015
3
162.20262 2.44136 too red in Y-J for BV list Low
priority.
?
163.82129 2.46062 large Y magnitude difference
between two tiles Rejected.
Frames seem Good but vis-
ible object in Z
7
164.99089 0.66707 Good 3
166.61152 2.67223 Good, In BV candidates list.
Not yet observed
3
167.57366 -0.37058 not in BV catalogues, High
priority. PGalaxy∼0.05. No
det in Z, Good candidate
3
171.71977 0.52744 Z-Y=1.1. not in BV selection
Low priority. Frames seem
Good
?
Table 2.5.: Table of our candidates matching with Bram Venemans (BV) continued,
Part 1
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RA(J2000) Dec(J2000) Comments Final Status
184.16093 -1.06728 Z-Y=0.28. Not in BV selec-
tion Rejected. Visible object
Z. K is more apparent than H
& J
7
189.27649 2.54152 Z-Y=1.17. No KiDS coverage.
Not in BV selection High pri-
ority. Good candidate
?
189.76267 2.53474 Z-Y=1.16. No KiDS coverage.
Not in BV selection High pri-
ority. Good candidates
?
193.07033 -0.02217 Y-J=0.60. Object in SDSS?
Negative Y-K, Star?
7
202.034112 -1.46735 marked as galaxy Re-
jected. Probable Galaxy.
Pgalaxy∼0.99
7
203.29298 2.81109 multiple tiles. Different pho-
tometry. Unlikely
7
214.36369 -0.40770 marked as galaxy in BV
list Medium Priority.
PGalaxy∼0.5. no detec-
tion in H but very faint in
Z
?
214.69528 1.45643 negative J-H and Y-K. Brown
dwarf?
7
215.29066 -1.59786 spurious source(?) Rejected.
Blurred images/frames in
J.H.K
7
215.83683 1.27692 negative J-H and Y-K. Brown
dwarf?
7
217.25759 -0.71329 Z-Y>0.57. Source visible in Z.
no break? Rejected. Visible
source in Z
7
217.28827 -0.92704 no break (Z-Y=0.65).
Galaxy(?) Rejected
7
219.78377 1.34225 Y-J=0.89. Z-Y=0.98. Not in
BV selection Rejected. Prob-
able brown dwarf?
7
337.717379 -35.75011 Good, Not covered by KiDS
yet
3
343.055402 -35.53564 Good 3
Table 2.6.: Table of our candidates matching with Bram Venemans (BV) continued,
Part 2
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RA(J2000) Dec(J2000) Comments Final Status
347.49139 -32.67453 too red in Y-J for BV selec-
tion Low priority. Y-J∼0.5
?
347.69612 -34.51522 Z-Y=0.93. Y-J=0.6. not
in BV selection Low priority.
Faint object in Z
?
348.44078 -34.66750 very negative J-H and Y-K.
Brown dwarf?
7
351.90236 -30.36724 too red in Y-J and too blue
in Z-Y for BV selection Low
priority.
?
354.25840 -33.54374 Z-Y=0.87. Galaxy. Not
in BV selection Low prior-
ity. Seems Good in Frames.
PGalaxy∼0.05
?
357.1389 -30.90283 published quasar 3
359.314202 -29.71376 no coverage in BV database
High priority. Good candi-
date. PGalaxy∼0.5
?
359.87379 -29.97854 not in BV catalogues.
Medium priority.
?
Table 2.7.: Table of our candidates matching with Bram Venemans (BV) continued,
Part 3
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2.4. Conclusion
Nearly all of the candidates with a “tick” (3) in Tables (2.4), (2.5), (2.6), and (2.7)
had follow-up photometry taken by Bram Venemans, mainly using the ESO NTT
3.6m telescope. This revealed that all were consistent with very cool stars (very late
M-type) or L/T type brown dwarfs; no new quasar was discovered apart from the
three quasars already published in Venemans et al. (2013) and marked in the above
table.
In parallel with this, Venemans’ explored additional candidates and discovered
two new z > 6.4 quasars, one at z = 6.44 and one at z = 6.62. Of these, the one at
z = 6.44 was rejected from our candidate list due to a clear detection in the Z-band,
much as expected since our search above was concentrated on z > 6.5. The new
quasar at z = 6.62 is J1048-0109, which did appear in our candidate list (at RA =
162.079 in Table 2.6) , and had already been confirmed spectroscopically as a quasar
by Venemans while this work was in progress; it was independently re-discovered by
(Tang et al., 2018).
Clearly, the number of new quasars above is rather below previous expectations;
given that Venemans et al. (2013) discovered three quasars in the first 332 deg2 of
VIKING data, and this search above covered a total area of over 843 deg2 including
the original 332, we would have anticipated around four or five new quasars if the
previous area was representative of the global mean. This clearly indicates that the
original 3 quasars were an upward “lucky” statistical fluctuation, but it is not very
improbable as follows: if we take the 4 total quasars at z > 6.5 as given, what is
the binomial probability of finding 3 in the first 332 deg2 while only 1 was found
in the remaining 511 deg2 ? The probability of this given a binomial distribution
is the probability of 3 “successes” given 4 trials with p = 0.392, which evaluates
to P = 0.172. This is mildly unlikely, but not enough to cause concern given the
post-hoc nature of the calculation, i.e., many other “improbable” permutations could
have occurred but did not.
The low number of new quasars may well have interesting implications for the
evolution of quasar number density at z > 6.5. In the work done by Venemans et al.
(2013), it was found that the three quasars was approximately consistent with a
smooth density evolution as n(L, z) ∝ 10−0.45z, which is a smooth extrapolation of
the trend found at 5 < z < 5.8.
With the new result of only 4 quasars found in 843 deg2, the implied number
density of z > 6.5 quasars will be just under half of that estimated by Venemans
et al. (2013), so probably favouring a steeper decline in space density of quasars at
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z > 6. This has very interesting implications as representing a possible “switch-on”
epoch of quasars at a slightly higher redshift, i.e. quasars at z > 7.5 may be much
rarer than expected based on extrapolation (see equation 1.68) from z ∼ 6.
However, we note that one new record-redshift quasar (ULAS J1342+0928) at z =
7.54 was recently discovered by Ban´ados (Ban´ados et al., 2018) using a combination
of WISE, UKIDSS and DeCALS data (this Ban´ados quasar is outside the VIKING
area); this surpasses the previous record-holder from 2011 (ULAS J1120+0641).
Considering possible twins of the Ban´ados quasar in the VIKING area, they would
be easily bright enough to be readily detected in Y,J,H,Ks bands, with a measured
JAB = 20.30; but our current search is not sensitive to this quasar due to its very
high redshift, which puts the Ly−α line at 1.038 µ m, causing its Y-J colour to be
redder than our cutoff and in the brown-dwarf region of the two-colour ZYJ diagram.
The WISE data was crucial in that case, but the deeper WISE co-added data were
not available at the start of this work in 2014/15.
More examples comparable to the Ban´ados quasar might potentially be found by
combining WISE with VISTA Hemisphere Survey (VHS) or VIKING, but no more
have been reported to date (Aug. 2018) so similar objects are likely to be very rare.
In the longer term, the ESA Euclid spacecraft is planned for launch around 2021/22;
its five-year mission will survey around 15,000 deg2 of sky to considerably fainter
limits than VIKING, so this is likely to reveal a substantial number of quasars at
z > 7, possibly a few at z ∼ 9, and allow fairly precise measurements of the evolution
of quasars over this period.
3. Testing Modified Gravity
Theories Via Wide Binaries
(WBs)
This chapter is based on the paper published in MNRAS (Pittordis and Sutherland,
2018), where Wide Binary (WB) stellar systems, presumably containing no DM,
are used to probe gravity on the very low acceleration regime, with the prospects
of the new GAIA data. Tests of gravity via WBs are performed by studying the
joint distributions of observables (their relative velocities and projected separations)
measurable from on-going GAIA mission and future observations with high-resolution
ground-based radial velocity measurements. In particular, we compare the distribu-
tion of the Newtonian prediction against MG models that behave as DM emulators
(or MOND-like), on histograms of the velocity ratio between the (3D) relative velocity
and the circular Newtonian velocity at the current (2D) projected separation. The
lack of DM makes these WB systems in principle a cleaner test of MG compared
to galaxy rotation curves; though we see below that the relative differences may be
rather small.
3.1. Introduction
Einstein’s theory of General Relativity (GR) provides the best known description of
gravity on all scales. However, much cosmological data (Ade et al., 2016) requires
an additional cold, non-baryonic & non-visible dark matter (DM) component to
match many observations, in addition to dark energy such as a cosmological constant.
At the present time there is no decisive direct detection of DM (e.g. Akerib et al.
(2017)); this leaves an open window for possible modified-gravity theories which may
possibly account for these effects without the inclusion of exotic DM.
The MOdified Newtonian Dynamics (MOND) is a notable theory that attempts
to explain weak-field/non-relativistic gravitational effects without DM. This theory
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was first proposed by Milgrom (1983) to explain the flat rotation curves observed
in most spiral galaxies without requiring DM. The original MOND formulation
was non-relativistic and really a fitting function rather than a realistic theory; it
has later been incorporated into relativistic theories following from the well-known
Tensor-Vector-Scalar (TeVeS) theory proposed by Bekenstein (2004).
So far, no modified-gravity theory (without DM) has been close to successful in
fitting the cosmic microwave background (CMB) observations from WMAP and
Planck (Ade et al., 2016), hence the ΛCDM model remains the standard model.
But, there is a large model space for modified gravity which remains only partially
explored, and currently there does not exist any “No-Go theorem” demonstrating that
no plausible modified-gravity theory could match the CMB and other cosmological
data in the future. In the absence of either a convincing direct detection of dark
matter, or a future general No-Go theorem, or new observations excluding modified
gravity at the relevant very low accelerations, the situation is likely to remain
unsettled; new tests which can discriminate between DM and modified-gravity are
highly desirable.
In this work we consider the prospects for a test of gravity in the low-acceleration
regime via wide binary (WB) stellar systems; previous work in this area has been
done by Hernandez et al. (2011, 2012, 2014) and Matvienko and Orlov (2015); these
gave hints of deviations in the direction expected from MOND-like gravity, though
due to the limited precision of current data, these hints are not yet decisive.
Here we extend on the work of Hernandez and co-workers above, but focusing on
the much improved precision which will be possible with GAIA data; we also explore
the external field effect of MOND and add new statistical tests.
Hernandez et al. (2011, 2012, 2014) and Matvienko and Orlov (2015), we consider
WBs with separations r & 3 kAU, for which recent samples have been selected by
e.g. Scarpa et al. (2017), Coronado and Chaname (2015), and Andrews et al. (2017)
For a typical stellar WB with a separation r ∼ 7000 AU, and masses M ∼ 1M,
the acceleration is a ∼ 10−10 m s−2 which is comparable to the critical acceleration
constant a0 in MOND-like theories, and also similar to the local gravitational
acceleration due to our Milky Way galaxy.
The formation mechanism of WBs is not well known, but may well result from
captures during evaporation of star-forming clusters; the key point for the present
purposes is that WBs are not expected to contain any significant amount of DM,
so their distribution in orbital parameters should follow GR/Newtonian predictions
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apart from perturbations from Galactic tides, giant molecular clouds and passing
stellar fly-bys. These perturbations are significant, but disrupted binaries should
separate out to many-parsec separations on a timescale ∼ 10 Myr which is much
shorter than the age of the Galaxy; thus there should be a reasonably clear distinction
between currently-bound and disrupted wide binaries.
Previous work of Yoo et al. (2003) & Quinn et al. (2009) used a WB sample selected
by Chaname and Gould (2004), and examined the distribution of angular separations.
The observed distribution is consistent with a power-law; tidal disruption by an
external perturbing source such as Galactic & disk tides, giant molecular clouds or
massive compact halo objects (MACHOs) would preferentially disrupt the widest
binaries, inducing a break in this power-law at large separations. An upper limit on
such a break can bound the abundance of massive perturbers, placing upper limits
on the abundance of dark-halo MACHOs of mass & 100M.
The main observational challenge with WBs is that their orbital periods are extremely
long (and accelerations and velocity differences very small), so realistic observations
provide only a instantaneous snapshot of position and velocity differences, and
individual orbit solutions are not possible. However, statistical distributions of
velocity differences for a large sample of wide binary systems can still provide an
interesting constraint, as we explore below.
In this paper we numerically compute the observables for samples of simulated
WB systems with various assumed gravity models, including GR/Newton and sev-
eral MoND/TeVes models. We predict their velocity ratio vs projected separation
distribution that would be derived from on-going observations with GAIA, and
future observations with high-precision ground-based radial velocity measurements.
The plan of the paper is as follows: in Section (3.3) we provide an overview of the
issues, define our notation and recap some standard results for Newtonian orbits. In
Section (3.4) we review some selected theories of modified gravity as they pertain
to the next sections. In Section (3.5) we produce simulations of WB orbits for
various gravity theories, and we produce forecasts of observables. In Section (3.6) we
discuss some additional observational issues, and in Section (3.7) we summarise the
conclusions.
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3.2. Orbital Dynamics for testing gravity via WBs
In this section we give a brief description of the equations that are used to perform
model-independent tests of gravity via WBs. These will be the “key” equations that
are applied to our simulations for a large number of random orbits ‘observed’ at
random times and inclinations to the line-of-sight per MG theory, which is described
in further detail in section (3.5.1).
Since we are testing various MG theories, we probe the total (or relative) accelera-
tion of the orbit, given by;
r¨ = gG(r) + rθ˙
2 (3.1)
where gG is the gravitational acceleration between the WB pair; each MG theory
has its own definition of gG, and rθ˙
2 is the radial acceleration of the star moving
along a circular path. Integrating equation (3.1) w.r.t time, we derive the 3D relative
velocity of the orbit, expressed as;
v3D = |~˙r| =
√
(r˙)2 + (rθ˙)2 (3.2)
Equation (3.2) is in terms of the radial velocity r˙, and the radius r of the orbit
about its Centre-Of-Mass (C.O.M) times its angular velocity θ˙. The v3D is the
observable that we use to probe gravity, since accelerations are not measurable. The
simulated results of observable v3D for many random orbits per MG theory is shown
in section (3.5.2). Also, for keeping consistency between all the gravity models used
within our simulations, we express the Specific Angular Momentum (SAM) in terms
of gG;
h =
√
(1− eˆ2) gG(aˆ) aˆ 32 (3.3)
where aˆ is the ‘effective’ orbit size and eˆ is the quasi-eccentricity of the orbit (see
later for definition of aˆ and eˆ in section 3.5.1). The SAM is related to equation (3.1)
and equation(3.2) via the angular velocity θ˙ = h/r2. See appendix (A.4) for full
explicit derivation of equations (3.1), (3.2) and (3.3).
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3.3. Wide Binaries and GAIA
Here we define “wide binaries” as those with orbital accelerations comparable to the
MOND acceleration parameter a0, commonly defined as a0 ' 1.2× 10−10 m s−2, or
separations above ∼ 7 kAU for Solar-mass binaries. Wide binaries have received
relatively little attention in the past for several reasons: their orbital periods (∼
Myr) are so long that no deviations from linear motion are detectable on a realistic
timescale: thus full orbit solutions are impossible, and any reasonable observing
programme gives us only a snapshot of some subset of the six phase-space parameters
(three relative positions and three relative velocities). Also, their relative velocities
of order ∼ 0.3 km s−1 translate to expected proper motion differences of order 0.6
milliarcsec (mas) per year at an example distance of 100 pc, which is near the limits
of achievable 1σ measurement precision in the pre-GAIA era. Finally, uncertainties
in available parallax distances translate to significant stellar mass uncertainties which
further blurs any possible constraints. Thus, wide binaries can be selected fairly
robustly with pre-GAIA data as from Hipparcos (Lepine and Bongiorno, 2007), the
SlowPOKES search from SDSS (Dhital et al., 2010), and (Tokovinin and Kiyaeva,
2016), using proper motions to reject most chance-projection candidates or unbound
fly-by pairs; but the relative velocity precision is currently not sufficient to use the
resulting binaries for dynamical tests.
Also, there is a notable gap in previous wide binary catalogues: Hipparcos parallaxes
are generally limited to magnitude V ≤ 10, while SDSS imaging saturates for stars
at V ≤ 14, which leaves the magnitude range 10 < V < 14 rather less explored for
wide binaries. This magnitude range includes millions of stars, with potentially ∼ 0.5
million closer than ≈ 200 pc, and many thousand wide binaries (see Section 3.6.2)
which are bright enough to follow-up with high-quality ground-based spectroscopy.
The GAIA spacecraft (Prusti et al., 2016) will dramatically transform this situation:
firstly, its proper motion precision after the baseline 5-year mission is predicted to
be around 15 microarcsec per year (µ as yr−1) at magnitude G ' 15 (Prusti et al.,
2016); multiplying by
√
2 for the differential motion between two stars translates to
a very small transverse velocity uncertainty of ∼ 0.01 km s−1 at our example 100 pc
distance, which is much smaller than expected binary orbital velocities at separations
∼ 10 kAU. Secondly, GAIA will provide high-precision parallax distances (better
than 1% for the above parameters) and hence precise luminosities, while metallicities
can readily be obtained either from the GAIA spectra or from the ground for these
bright stars. Using a mass-luminosity-metallicity relation, for main-sequence stars
we can then infer masses for both components of wide binaries; uncertainties such as
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age may limit this to perhaps 5 percent mass precision, but this is essentially good
enough for the following purposes.
The GAIA distance precision (e.g. 0.3 percent at 100 pc) is usually not quite
good enough to resolve the line-of-sight separation of a typical wide binary at
r ∼ 3− 20 kAU (though for very nearby and wide systems at ∼ 20 pc, resolving the
line-of-sight separation should be possible); however it is good enough to weed out
the vast majority of chance-projection interlopers: observed star pairs with small
projected separation . 20 kAU, 3-D velocity difference < 1 km s−1 and line-of-sight
separation . 0.5 pc are highly likely to be either true bound binaries, or unbound
but physically associated pairs with a common origin, since unrelated chance-flyby
pairs with such small differences should be very rare (see later).
For radial velocities, the GAIA precision is not good enough, but modern high-
stability ground-based spectrographs can reach absolute accuracy ∼ 0.02 km s−1
(probably limited by systematics, see Section 3.6 later).
Thus, with GAIA plus high-accuracy radial velocity followup, we can get fairly
precise measurements of 5 of the 6 phase-space differences for wide binaries (subject
to perspective-rotation effects, discussed later), with the relative-velocity precision
of order 10 percent; this turns out to be enough to get potentially interesting tests
of gravity in the low-acceleration regime where any modified-gravity effects should
start to become significant.
3.3.1. External perturbations on wide binaries
Wide binaries are weakly bound and thus are significantly sensitive to perturbations
from either fly-by encounters with passing stars, from giant molecular clouds, or
from Galactic tidal effects. Tidal effects are expected to disrupt binaries beyond the
Jacobi radius, rJ around 1.7 pc or 350 kAU for a typical binary; this is over an order
of magnitude larger than the separations considered below, but tidal effects may be
non-negligible at smaller scales. A numerical simulation of these effects has been
made by Jiang and Tremaine (2010) (JT10), with the following main conclusions.
The survival probability for a wide binary over 10 Gyr is a declining function
of semi-major axis, with estimated 50 percent survival probability occurring at a
separation of around 30 kAU. Binaries which become unbound do not always separate
completely, but can remain within 10 parsec separation for many Gyr after unbinding.
The histogram of separations for binaries evolved over 10 Gyr shows a minimum
at ∼ 3 rJ or 5 pc, then a secondary maximum at ∼ 10 pc. Also, Figure 3 of JT10
shows that the distribution of projected separations at r . 10 kAU largely follows
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the initial distribution, which is promising for the tests below. This suggests that
external perturbations may significantly randomise the eccentricity distribution of
binaries at ∼ 10 kAU, but we see below that our results are relatively insensitive
to this poorly-known eccentricity distribution. The RMS (line of sight) velocity
difference of the simulated binaries in JT10 closely follows the expected Keplerian
falloff ∝ r−0.5p out to projected separations ∼ 0.3 rJ or 100 kAU (as shown in Figure 7
of JT10).
Since our main focus below is on binaries of present-day projected separation
between 3 to 20 kAU, we expect that external perturbations are not a major source
of uncertainty in this range, though further numerical work would be desirable to
quantify this more precisely.
3.3.2. Distribution of velocity differences
We start here considering an idealised case assuming a wide binary where both
masses and all six relative separation and velocity components are reasonably well
measured; then consider practical deviations from this later.
If we have a candidate binary of estimated masses M1,M2 at (3D) separation r,
we define a convenient dimensionless parameter u3D ≡ v3D/vC(r) where v3D is the
magnitude of the instantaneous (3D) velocity difference, and vC(r) is the velocity
for a circular Newtonian orbit at the current separation r (note, not the unknown
semi-major-axis a). Clearly vC(r) = [G(M1 +M2)/r]
0.5.
In terms of the semi-major axis a and eccentricity e, we then have
u3D =
√
2− r/a , (3.4)
with the well-known result that u3D <
√
2 for any bound orbit. In general for any
bound binary with eccentricity e < 1, we have 1− e ≤ u23D ≤ 1 + e. Considering the
probability distribution for u3D for a large sample of binaries observed at a random
time (i.e. now), it turns out that values of u ≥ 1.2 are rather uncommon, since low-e
binaries never exceed this value, while high-e binaries do so, but only for a rather
small fraction of time around orbit pericenter.
For an assumed eccentricity e and an arbitrary threshold value, uth, we can readily
compute the fraction of time over which the instantaneous value of u3D exceeds a
chosen threshold uth, as follows. In terms of true anomaly (angle from pericenter) θ,
we have
u23D = 2−
1− e2
1 + e cos θ
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Rearranging for a chosen threshold value u = uth, we find in the case 1−e < u2th < 1+e
then u crosses uth twice per orbit, at θ given by
cos θth =
1 + e2 − u2th
e(u2th − 2)
. (3.5)
The corresponding eccentric anomaly Eth is
Eth = 2 arctan
(√
1− e
1 + e
tan(θth/2)
)
(3.6)
and the mean anomaly Mth follows from Kepler’s equation
Mth = Eth − e sinEth , (3.7)
where θth, Eth and Mth each have two solutions of opposite sign. Since mean anomaly
is just time rescaled to 2pi per orbit, the fraction of time for which a Kepler orbit of
given eccentricity e exceeds a chosen threshold value uth is then simply
P (u > uth | e) = Mth/pi , (3.8)
which is given by successive substitutions into equations. (3.5) – (3.8).
(Note in the special case uth = 1, this occurs on the minor axis where cos θth = −e,
and it is easily seen that P (u > 1) = 1/2− e/pi, which decreases linearly from 1/2 at
small e to 0.182 as e→ 1).
The resulting probability is shown as a function of e for several example thresholds
uth = 1.0, 1.1, 1.2, 1.3 in Figure 3.1. The result (for the case uth > 1) is that this
probability is zero for e < u2th − 1, then rises rather quickly to a maximum then
slowly declines towards e = 1. The maximum probability is 0.219, 0.111 and 0.041
respectively for uth = 1.1, 1.2, 1.3, therefore a notable feature here is that the fraction
of bound binaries with u > 1.2 (at a random observing time) cannot exceed 11.1
percent (the case for a distribution of e sharply peaked around e ≈ 0.67), while for a
realistic spread of e values, the fraction must be smaller than 11.1 percent.
To get the predicted distribution of u for a large sample of binaries with an
assumed distribution function of eccentricities f(e), we can simply integrate the
above function in equation. (3.8) weighted by the assumed f(e). The result of
this is shown in Figure 3.2 for three selected distributions of e: firstly a uniform
distribution f(e) = 1, secondly a Tokovinin distribution f(e) = 0.4+1.2e, and thirdly
a “dynamical” distribution f(e) = 2 e. Due to the shape of P (u > uth|e) above, the
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Figure 3.1.: Fraction of time for which a Kepler orbit exceeds a selected velocity ratio
uth as a function of eccentricity e, for values of uth = 1.0, 1.1, 1.2, 1.3
(top to bottom).
Figure 3.2.: Fraction of all orbits (at a random time) which exceed a given veloc-
ity ratio uth on the abscissa, for several chosen distribution functions
of eccentricity: solid curve for f(e) = 1, dashed curve for Tokovinin
distribution, and dotted curve for f(e) = 2 e.
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result turns out to be only weakly sensitive to the eccentricity distribution, and there
is always a steeply-falling tail at u & 1.2. Taking the Tokovinin distribution as an
intermediate case, we find that (at a random time) 30.9 percent of binaries have
u3D > 1, while 15.8 percent have u > 1.1, 6.6 percent have u > 1.2, and only 1.5
percent have u > 1.3. The 80th and 90th percentiles are at u = 1.065 and 1.158
respectively. These percentages change only marginally for the flat or dynamical
eccentricity distributions.
Therefore, in an idealised case of a moderately large but plausible sample of candi-
date wide binaries (e.g. few hundred to few thousand) all with u3D measurements,
standard gravity predicts that a histogram of u3D should exhibit a smoothly rising
distribution at 0 < u < 1 followed by a rather steep decline between u ∼ 1.1 and 1.3;
and the location of this “ramp” feature around the 80th to 90th percentiles is only
weakly sensitive to the poorly known distribution of e. The inevitable contamina-
tion from unbound pairs is expected to show a relatively flat or moderately rising
distribution of u3D at u3D >
√
2; we may need to model this contamination and
subtract an estimated number of contaminants scattered to u3D <
√
2, but as long
as unbound chance pairs do not dominate the sample, the 80th/90th percentiles for
bound binaries should be statistically correctable for contamination.
3.3.3. Projection to 2D separations
The above was assuming an idealised case where all six components of separation
and relative velocities are available: but in practice, u3D is not directly measurable
due to the uncertain line-of-sight component of the separation vector; however, the
3D relative velocity and the 2D projected separation are accurately measured, so
we can make do with u2D, defined as the ratio of 3D relative velocity to the circular
velocity calculated at the observed 2D projected separation. This is then given by
u2D = u3D
√
sin β
where β is the unknown angle between the current binary separation vector and the
line-of-sight; for random aligments, the median value of sin β is
√
3/2 (median value
for cos β = 1/2), so the median of the
√
sin β factor is 0.931, only slightly less than
1. Therefore, the effect of convolution with random aligment angles is to shift the
distribution function of u2D to somewhat smaller values compared to u3D, but it
does not erase the steep decline in the distribution. The quantitative effects of this
projection to 2D projected separations are included below in Section (3.5), using
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numerical simulations.
We note that a uniform distribution in cosβ gives the distribution of projected
separation rp at a given 3D separation r. The inverse question, of the posterior
probability distribution of r at a known rp, is not quite the same question, and in this
case the result depends on the intrinsic frequency distribution of r; however, assuming
a reasonably smooth distribution in log r this distinction is relatively unimportant.
3.3.4. Perspective effects
It was shown by Shaya and Olling (2011) (hereafter SO11) that there are several effects
implying that wide binary velocity differences are not simply given by subtracting
the measured proper motions and radial velocities; we refer to these collectively as
perspective effects, since they are mostly related to the system barycentre motion
(relative to the Sun) causing a time-dependent perspective on the system from our
location.
SO11 gave a derivation of these effects to first order in binary separation angle
α = (∆`,∆b) with the key results given in their Eqs. 29, 30. We find that it is
somewhat more intuitive to re-arrange SO11 Eq. 29 into the form
∆µ = −µ∆d
d
+ ∆` sin b
(
µb
−µ`
)
− vr
d
(
∆` cos b
∆b
)
. (3.9)
which gives the apparent proper motion difference for a hypothetical “static” binary;
where (`, b) are Galactic coordinates, µ = (µ`, µb) is the proper motion 2-vector and
µ` ≡ (d`/dt) cos b includes the cos b factor; d is distance and vr is radial velocity
of the barycentre, and ∆’s denote differences between the two components of the
binary.
These three terms each have an intuitive geometrical explanation: the first term
on the RHS corresponds to the closer component appearing to overtake the more
distant component in the direction parallel to the proper motion.
The second term is now seen as a pure coordinate-curvature effect: if we consider
tangent-plane coordinates at the barycentre, constant-b lines appear as conic sections,
which are locally equivalent to circular arcs with a radius of curvature of cot b. The
component of binary separation in the ` direction is ≈ ∆` cos b, hence the constant-b
curves through the primary and secondary have a relative rotation angle in the
tangent plane by ≈ ∆` cos b/ cot b = ∆` sin b . The second term above therefore is
equivalent to the difference between the barycentre proper motion vector, and a copy
of itself rotated by this (small) angle.
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The third term is simply an apparent contraction/expansion of the binary angular
separation at a fractional rate of −vr/d.
Also, Eq. 30 of SO11 may be written as
∆vr =
(
dµl
dµb
)
·
(
∆` cos b
∆b
)
(3.10)
which is the scalar product of the tangential velocity vector with the binary separation
angle. This may be combined with d× the first term in equation (3.9), in which
case the resultant 3D velocity corresponds to a rotation of the 3D binary separation
vector at an angular speed µ around the line perpendicular to both the line of sight
and the proper motion vector, i.e. a “perspective rotation”. This perspective rotation
effect is important; the effect on ∆vr in equation (3.10) is calculable given the known
angular offset and proper motion, but the effect on transverse velocity in equation
( 3.9) is proportional to ∆d/d, and ∆d is generally not measurable to useful precision
even with GAIA data.
The above analysis based on SO11 is valid up to terms first-order in binary
separation angle. These are definitely important, since for typical values of system
barycentre motion vsys ∼ 50 km s−1, angular separation α ∼ 20 kAU / 100 pc ∼
0.001 rad, and ∆d/d ∼ 0.001, terms of order vsysα are ∼ 0.05 km s−1, of order 20
percent of the binary relative velocity ∼ 0.25 km s−1; this is modest but not negligible.
However, this may be constrained e.g. by rejecting a tail of binaries with higher
transverse velocities; it is also helpful that the effect (in velocity units) decreases
with distance for fixed binary separation.
We note that terms of order vsysα
2 are generally negligible except for very nearby
or extremely wide binaries (few-degree separations), so the first-order treatment
given by Shaya and Olling (2011) is adequate except for very nearby or extremely
wide binaries.
3.4. Modified gravity models
In this section we review some of the various modified-gravity scenarios studied in the
literature as possible alternatives to dark matter; these are then applied to simulated
orbits of wide binaries in the following Section (3.5)
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3.4.1. MOND
The phenomenology known as Modified Newtonian Dynamics (MOND) was originally
introduced in the 1980’s by Mordehai Milgrom Milgrom (1983), and has led to many
variants and refinements later (see Famaey and McGaugh (2012) for a comprehensive
review). The original motivation for MOND was to modify Newton’s second law
FN = ma in order to attempt to account for observed effects such as flat rotation
curves of spiral galaxies without the need for DM. The modification to Newton’s
second law is made by introducing a critical acceleration constant, a0, and a free
function µ(x), where the dimensionless x ≡ a/a0 is the ratio of acceleration to a0,
such that
aN = µ
(
aM
a0
)
aM . (3.11)
where aN is the GR/Newtonian acceleration, a0 ≈ 1.2×10−10ms−2 is the acceleration
constant and aM is the acceleration predicted by MOND. (In general this requires
numerical solution for aM given aN and a chosen function µ).
The dimensionless interpolating function µ(x) is arbitrary, but is required to have
µ(x) → 1 for x  1 to satisfy Solar-system constraints, and µ(x) ∼ x at x  1
in order to produce flat galaxy rotation curves at large radii (aN  a0), and µ(x)
should be monotonically increasing between these limiting cases.
Many possible functions can be chosen given these constraints: two common
choices are µ(x) = (1 + 1
x
)−1, known as the ‘Simple’ interpolating function, or µ(x) =
x(1 + x2)−1/2 known as the ‘Standard’ interpolating function, where x ≡ aM/a0.
In the “deep MOND” regime, x 1, the orbital velocity tends to remain constant,
and is given by
vM ≈ (GMa0)1/4. (3.12)
One can start to derive the equations of motion for MOND via the AQUAdratic
Lagrangian (AQUAL) theory of MOND, given by the action:
SAQUAL =
∫
d3xLAQUAL (3.13)
By taking the Euler-Lagrange equation of action, we can obtain the equations of
motions, hence deriving for the non-linear Poisson equation for MOND from the
Lagrangian density,
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LAQUAL = ρΦM + a
2
0
8piG
F
(
(∇ΦM)2
a20
)
Euler-Lagrange equation of an action with respect to scalar fields ΦM is expressed
as,
∂i
(
∂L
∂(∂iΦM)
)
=
∂L
∂ΦM
(3.14)
∂i
(
∂L
∂(∂iΦM)
)
= ∂i
(
∂L
∂F (x2)
[
∂F (x2)
∂x
∂x
∂(∂iΦM)
])
∂i
(
∂L
∂(∂iΦM)
)
= ∂i
(
1
4piG
∂iµ(x)
)
here, i = 1, 2, 3 for spatial coordinates. With x = |∇ΦM |
a0
, µ(x) = ∂F (x
2)
∂x
, and
∂µ = ∇, one can obtain the non-linear Poisson equation for MOND, expressed as,
∇ ·
(
µ
( |∇ΦM |
a0
)
∇ΦM
)
= 4piGρ = ∇2ΦN (3.15)
where ΦM is the MOND potential, and −∇ΦM = r¨M = gM is the MOND gravi-
tational acceleration. From applying equation (3.15), one obtains equation (3.11),
which shows modification to Newton’s second law when the acceleration is lower
than the threshold a0 ≈ 1.2× 10−10ms−2. Bekenstein and Milgrom (1986).
3.4.2. TeVeS
The original MOND theory is non-relativistic and hence can only represent an ap-
proximation to some more fundamental theory in the low-velocity limit. A relativistic
counterpart to the MOND theory is given by the TeVeS theory invented by Beken-
stein (2004). The construction of the Lagrangian of TeVeS employs a unit vector
field Uµ, a dynamical φ & non-dynamical scalar field σ, a free function F and a
non-Einsteinian metric tensor g˜µν referred to as effective or physical metric tensor.
The TeVeS action is expressed as:
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S
TeV eS
=
∫
d4x (Lg + Ls + Lv) + Lmatter (3.16)
where Lg is the Einstein-Hilbert Lagrangian density
SEH =
1
16piG
∫
d4x
√−g(R− 2Λ) (3.17)
and Lm is the matter field within the theory. Above Ls and Lv are the TeVeS scalar
and vector field lagrangians, which are expressed as:
Ls = −1
2
[
σ2hµν∂µφ∂νφ+
1
2
G
l2
σ4F (kGσ2)
]√−g (3.18)
Lv = − K
32Gpi
[
gαβgµν(BαβBµν) +
2λ
K
(gµνUµUν − 1)
]√−g (3.19)
where; hµν = gµν − UµUν and Bαβ = ∂αUβ − ∂βUα, k is a dimensionless constant,
K = k
2pi
, l is a constant length, λ is the coupling factor and σ is the coefficient
responsible for the kinetic terms; see Bekenstein (2004) for a more explicit definition
for these terms. Taking the action principle and varying the action with respect to
its tensor, vector and scalar parts, Bekenstein derives the field equation for TeVeS,
expressed as:
Gµν =
8piG
c2
(Tµν + (1− e−4φ)UαTα(µUν) + τµν) + Θµν (3.20)
where the terms τµν and Θµν are expressed as,
τµν = σ
2
(
∂µφ∂νφ− 1
2
gαβ∂αφ∂βφgµν − Uα∂αφ(U(µ∂νφ)− 1
2
Uβ∂νφgµν)
)
−1
4
Gl−2σ4F (kGσ2)gµν
Θµν = k(g
αβFαµFβν − 1
4
FαβF
αβgµν)− λUµUν
3.4.2.1. MOND approximation
Deriving the weak-field limit in TeVeS, one can reproduce the MONDian dynamics
via deriving the ‘physical metric’ Equation (3.21) and computing the geodesics,
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Equation (3.22), (Bekenstein, 2004):
g˜µν = e
2φgµν − 2UµUν sinh(2φ) (3.21)
Γ˜λµν = e
−2φΓλµν (3.22)
By solving the TeVeS field equation in the weak-field limit using only the leading
order terms h00 & h11 derived from the TeVeS physical metric, Bekenstein obtains
the following non-linear Poisson equation:
∇ ·
(
µ
( |∇φ|
a0
)
∇φ
)
= 4Gpiρ = ∇2ΦN (3.23)
The weak-field metric in TeVeS is the similar to that of GR but when the New-
tonian potential is replaced by a total potential Φ = ΦN + φ, with ΦN obeys the
Newtonian Poisson equation, φ is a scalar field playing the role of the dark matter
potential, obeying equation (3.15). The equation (3.21) also contains a parametrised
interpolating function that applies in TeVeS theory is expressed as, in equation 46 of
Famaey and McGaugh (2012) this is given by,
µ(x) =
2x
1 + (2− α)x+√(1− αx)2 + 4x (3.24)
for weak and intermediate gravity, the usual case of α = 0, x = |∇Φ|/a0 to conform
to the MOND dynamics on weak gravity scales, hence giving the same dynamics as
MOND with the above µ(x) in the weak-field limit.
Also, we note that the recent near-simultaneous detection of gravitational waves
and the short gamma ray burst (GW 20170817 and GRB 20170817A) appears to
strongly exclude the standard version of TeVeS (Boran et al., 2017). However, some
versions of modified gravity theories do survive this constraint, including the various
classes of f(R) and f(R, T ) theories (e.g. Mendoza et al. 2013, Capozziello and
de Laurentis 2011), so other tests as studied below remain potentially valuable.
3.4.3. The External Field Effect (ExFE)
Famaey and McGaugh (2012) provide a comprehensive review of alternative theories
for the mass discrepancies within the universe, where the observed motions of various
galaxy systems exceed the values explained by the mass in visible stars and gas. In
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practice, no objects are truly isolated in the universe and this has wider and more
subtle implications in MOND-like theories than in Newton/GR gravity.
Section 6.3 of Famaey and McGaugh (2012) focuses on the relations between
the internal subsystem dynamics and the external parent system gravitational field,
commonly known as the external field effect (hereafter ExFE). See also Lughausen
et al. (2014) for additional discussion of the ExFE; but see results of Hernandez et al.
(2017) and Durazo et al. (2017) for observational hints against the ExFE.
On the assumption that it is applicable, the ExFE can partly hide most possible
MOND-like effects in subsystems such as open clusters within the galactic disk or in
wide binaries, apart from a possible rescaling of the gravitational constant. However,
in the case of main interest here of wide binaries located in the Solar neighbourhood,
the galactic ExFE (from the baryonic mass distribution in our Galaxy) is quite close
to ge ≈ 1.0 a0, so it turns out that the MOND-like effects are considerably reduced
but are not fully eliminated by the inclusion of the ExFE.
We note here that the Galactic acceleration for a circular orbit with observed values
vLSR ' 220 km s−1 and R0 ' 8 kpc is somewhat larger than a0, with gcirc ' 1.6 a0.
However, for current estimates of the Galactic stellar mass ≈ 5× 1010M for the
disk and 1× 1010 M for the bulge (Licquia and Newman 2016; McMillan 2017), the
Newtonian contribution from the observed baryonic matter in the Galactic disc and
bulge is quite close to gbar ' 1.0 a0, with the difference generally attributed to DM;
in modified-gravity theories without DM, the ratio of these needs to be accounted
for by the appropriate modification of gravity via the selected µ or ν interpolating
function; therefore, it is the smaller value gNe = gbar which is applicable for the ExFE
estimates below. This distinction is notable, since we find below that the fractional
difference between MOND-like and Newtonian predictions decreases quite steeply for
gNe < 1 a0.
3.4.3.1. Newton/GR dynamics
In standard GR, the internal dynamics of an isolated subsystem are independent
from the (uniform) external field of the parent system in which it resides, e.g. the
internal dynamics of a star cluster within a galaxy are independent of the external
uniform gravitational field of the galaxy, keeping the star cluster in free-fall within the
galaxy’s frame of reference. This is built in as the fundamental Strong Equivalence
Principle of GR. If the external field varies across the subsystem, this manifests itself
as tidal effects, which are rather small in the case here for binaries with r < 20 kAU.
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3.4.3.2. MOND/TeVeS dynamics
Since MOND is an acceleration-based theory, it has to break the Strong Equivalence
Principle. What counts is the total gravitational acceleration, with respect to a
pre-defined frame (e.g.,the CMB frame)1. Full MOND effects are thus only observed
in systems where the absolute values of the gravitational acceleration, both internal
gi and external ge (e.g. host galaxy, galaxy cluster, etc) are both significantly smaller
than a0.
3.4.3.3. ExFE dynamics
The ExFE is a remarkable property of various MOND theories, and because this
breaks the strong equivalence principle, it allows us to derive properties of the
gravitational field in which a system is embedded from its internal dynamics (and
not only from tides). The approximate limiting cases are
• gi < a0  ge - Newtonian
• ge < gi  a0 - Standard MOND
• gi < ge . a0 - quasi-Newtonian with re-normalised gravitational constant,
Geff
In the case of interest here, both the internal binary acceleration gi and the
Galactic acceleration ge are each comparable to a0; this means that there is no simple
analytical limit but the acceleration law needs to be estimated numerically, and we
see below that the results turn out to be somewhat sensitive to the specific version
of modified gravity considered.
Milgrom’s gravitational acceleration law, including the ExFE is given by:
gN = giµ
(
gi + ge
a0
)
+ ge
[
µ
(
gi + ge
a0
)
− µ
(
ge
a0
)]
(3.25)
which implies that as gi → 0 we have Newtonian gravity, gN but with a re-normalised
effective gravitational constant,
Geff ≈ G
µ(x)(1 + d lnµ
d lnx
)
, x = ge/a0 (3.26)
1Different MOND theories offer very different answers to the generic question ‘acceleration with
respect to what?’. For instance, in the MOND-from-vacuum, the total acceleration is measured
with respect to the quantum vacuum, which is well defined.
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Alternatively equation (3.25) can be re-expressed for the internal gravitational
acceleration of the system in terms of Newtonian gN , also including the external
field:
gi = gNν
(
gN + gNe
a0
)
+ gNe
[
ν
(
gN + gNe
a0
)
− ν
(
gNe
a0
)]
(3.27)
where gN and gNe are the internal and external Newtonian accelerations, gi is the
resulting MONDian internal acceleration, and ν(y) is the interpolating function
expressed in terms of the parameter y ≡ (gN + gNe)/a0 or y ≡ gNe/a0 respectively.
The net result of including the ExFE via Eq.(3.27) is that when gi < gNe the
modified-gravity effects become similar to a rescaling of the gravitational constant,
gi = κgN with a slowly-varying κ which typically deviates by of order 10 – 25 percent
from 1, depending on the choice of interpolating function µ(x) or ν(y) and the value
of gNe/a0. Thus the MOND effects are no longer large, but are still appreciable.
3.4.4. Emergent Gravity
The Emergent Gravity theory originates from the concept of treating gravity as an
entropic force. The theory of Emergent Gravity has recently been developed by
Verlinde (2016) and Hossenfelder (2017). Emergent Gravity is the notion of describing
the macroscopic nature of spacetime (aka GR) “emerging” from an underlying
microscopic description of spacetime. (See however (Dai and Stojkovic, 2017) for
some potential problems with this formulation).
The emergent nature of spacetime is postulated to stem from the thermodynamic
laws for a black hole, centered around the Bekenstein-Hawking entropy & Hawking
temperature, expressed as;
SBH =
A(r)
4G~
TBH =
~a˜
2pi
(3.28)
where A(r) is the area of the horizon and a˜ is the surface acceleration.
The Bekenstein-Hawking entropy can determine the amount of quantum entan-
glement (QE) in a vacuum, where QE plays a role in explaining the connectivity of
classical spacetime. From this notion, one can use the theoretical concept of linking
quantum information theory (QIT) with the emergent spacetime. The theoretical
framework is in representing the spacetime geometry as a QE structure, governed by
an entropic description (hereafter, entropic QE). The spacetime vacuum is made-up
of a network of QE units of quantum information (QI), which are the fundamen-
tal microscopic constituents of spacetime (i.e., QE units bond together creating a
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network; and this network of QE units is what spacetime is made up of). Matter
& energy are proposed to influence the microscopic constituents (or the QE unit
structure embedded within spacetime itself), resulting in a macroscopic curvature of
spacetime.
3.4.4.1. Apparent DM in emergent gravity
Emergent Gravity describes dark energy (DE) and the apparent dark matter (DM)
to have a common origin both connected to the emergent nature of spacetime. It
also results that the flattening of galaxy rotation curves are controlled by the Hubble
acceleration scale,
aΛ ≈ cH0 = c
2
L
where c is the speed of light, H0 is the Hubble constant, L the Hubble length and aΛ
is an acceleration constant. 2 Since H is actually time-dependent we should replace
this with aΛ = cH0
√
ΩΛ to get a time-invariant parameter; this has the appealing
feature that the acceleration scale aΛ is naturally related to the observed value of the
cosmological constant (unlike standard MOND where the constant a0 is an arbitrary
free parameter).
The apparent effects of DM appear at scales below aΛ, equivalent to a surface
mass density
Σ(r) =
M
A(r)
<
aΛ
8piG
(3.29)
In terms of entropy,
SM =
2piM
~aΛ
<
A(r)
4G~
. (3.30)
The involvement of DE in Emergent Gravity is associated with the entropic description
of the QE structure. This association describes the ‘stiff’ geometry of spacetime
manifesting into an elastic nature of spacetime at scales below aΛ . The elastic
response of the DE “medium” takes the form of an extra apparent dark force which
then gives rise to the effects which are normally attributed to DM.
3.4.4.2. Covariant version of Emergent Gravity
In the work of Hossenfelder (2017), Emergent Gravity is constructed in a Lagrangian
form, showing the underlying mechanisms, within a de-Sitter space filled with a
vector-field that couples to baryonic matter and, by dragging on it, creates an
2Note that Verlinde (2016) uses symbol a0 for this, but it is different (by roughly a factor 5) from
the usual MOND parameter a0 used above; so we have used symbol aΛ replacing Verlinde’s a0.
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Gravitational quantity Elastic quantity Correspondence
Newtonian potential, Φ displacement field, ui ui = Φni/a0
Gravitational acceleration, gi strain tensor, ij ijnj = −gi/a0
Surface mass density, Σi stress tensor, σij σijnj = Σia0
Mass density, ρ body force, bi bi = −ρa0ni
Point mass, m point force, fi fi = −ma0ni
Table 3.1.: Formulas matching the linear elasticity quantities with the gravitational
quantities, used in deriving the elastic description of spacetime within
Newtonian regimes
effect similar to DM. Also, the vector-field mimics the behaviour of DE treating the
spacetime as an elastic medium. The theory of Emergent Gravity interprets between
the gravitational equations with linear elasticity equations (i.e., relating gravity
quantities with elastic quantities) table (3.1), (see Section 6 in Verlinde (2016)).
From Hossenfelder (2017) the action for Emergent Gravity is expressed as:
ST = SEH + Sint + Sθ + SM (3.31)
where SEH is the Einstein-Hilbert action and SM is the action for matter fields, see
equation (3.17); Sint & Sθ are the self-interaction and the imposter field actions
3,
expressed as:
Sint =
∫ −uµnν
L
T µν d4x =
∫
uµuν
Lu
T µν d4x (3.32)
Sθ =
∫
M2p
L2
χ
3
2 − λ
2M2p
L4
uku
kd4x (3.33)
These actions describe the elastic behaviour and force of the spacetime geometry of
the theory. Also
χ =
−1
4
µν
µν +
1
3
2 (3.34)
is the kinetic term for the vector fields, and
µν = ∇µuν +∇νuµ (3.35)
is the strain tensor.
3Note Sint and Sθ, the self-interaction and the imposter field actions are yet to have a definitive
description due to the theory being recently developed
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3.4.4.3. Weak-field limit
In the context of GR, astrophysical systems such as galaxies are dominated by DM,
resulting in an approximately flat rotation curve. In the context of Emergent Gravity,
these systems are described as the baryonic matter reducing the amount of entropic
QE structure of the surrounding spacetime, while in the regions where there is
negligible matter, and the acceleration is a ≤ aΛ, the spacetime manifests into an
elastic DE medium, where the elastic response of this medium results in an extra
‘dark force’, which mimics the effects of DM in the outer regions of galaxies.
This force can be computed via entropy:
SM(r) =
−2piMr
~
(3.36)
SM (r) is the amount of entropic QE structure that the mass M has removed from a
region of size r. This can also be expressed in terms of volume:
SM(r) =
−VM(r)
V0
, VM(r) =
8piGMr
aΛ(d− 1) , V0 =
4G~L
(d− 1)
where V0 is the volume per unit entropy, VM(r) is volume containing the amount
of entropy that has been reduced by mass M from a region of size r, and d is the
number of dimensions within the theory derived from the gravitational & elastic
dynamics correspondence, see section 6 of Verlinde (2016)).
For the remaining spacetime region containing no baryonic matter it is given by:
SDE =
V (r)
V0
=
rA(r)
L4G~
=
raΛA(r)
4G~
(3.37)
where SDE is the total entropic QE associated with DE, treating the spacetime as
an elastic medium (or entropy of the DE medium), V (r) is the volume of the whole
system, which also contains VM (r).(e.g., a galaxy containing both visible matter and
DM).
Taking the ratio between equation (3.36) & equation (3.37), one can obtain the
equation for the surface mass density, given by:
Σ(r) =
aΛ
8piG
(r) (3.38)
where (r) = SM
SDE
= VM (r)
V (r)
is the strain tensor representing the transition from
Newtonian to the emergent DE medium elastic effect.
If (r) > 1, all entropic QE structure is reduced by matter, leading to the usual
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Newtonian dynamics. For (r) ≤ 1 the regions without matter, the spacetime results
in a DE elastic effect (or extra dark force) modifying Newtonian dynamics.
Since we are dealing with very low acceleration regimes, in the case of (r) ≤ 1, we
can obtain the gravitational acceleration of Emergent Gravity on the extremely weak
scale. (
8piG
aΛ
Σ(r)
)2
= (r)2 (3.39)
(r)2 =
1
A(r)
dVM(r)
dr
=
8piGM
aΛA(r)(d− 1) =
8piG
aΛ(d− 1)ΣM(r) (3.40)
where ΣM(r) = ΣB(r) is the baryonic surface mass density in the region where
baryons reduce the entropic QE structure.
From Section 6 of Verlinde (2016) we can use the surface-mass-density and gravita-
tional interaction relation:
Σi =
(d− 2)
(d− 3)
gi
8piG
(3.41)
Taking the RHS of equation (3.38) to be ΣDE(r), the remaining elastic DE medium
surface mass density where the “DE medium” elastic response (or dark force) takes
effect, applying equation (3.41), one can obtain the relation between ΣDE(r) & ΣM (r)
expressed as:
ΣDE(r)
2 =
aΛ
8piG(d− 1)ΣM(r) (3.42)
and the gravitational acceleration relation of the elastic response of the DE medium
(or dark force) can be expressed as
gDE =
√
amgB; am =
aΛ(d− 3)
(d− 2)(d− 1) (3.43)
and thus in the case d = 4 gives am = aΛ/6, in which case am is numerically rather
close to the usual MOND value a0 ' 1.2× 10−10ms−2 above.
The total gravitational acceleration of a whole system in Emergent Gravity is
given by:
gEG = gB + gDE = gN +
√
amgN (3.44)
where gB = gN is the Newtonian acceleration.
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Recently, Dai and Stojkovic (2017) have argued that there are some inconsistencies
within the recent proposal of Emergent gravity from Verlinde (2016). They counteract
the notion of gravity being portrayed as an entropic force and the derivation of the
weak-field/non-relativistic recovering a standard Newtonian gravity rather than
dynamics that are MOND-like.
3.5. Simulations of Orbits
Previously in Section(3.3) we estimated statistical distributions of u3D in the idealised
case of Newtonian gravity where both masses and all six relative position and velocity
components are known (but accelerations are not measurable). We next use numerical
orbit simulations to deal with the cases of orbits in modified-gravity theories, and
also the more observationally realistic case where the projected separation of the
binary is well measured but the radial component of separation is unknown (or only
has an upper bound), as below.
3.5.1. Orbit simulations with modified gravity
Here we simulate a large sample of ∼ 5× 106 orbits with random values of a, e in
each of the various gravity theories outlined above, then study the joint distribution
of observables, in particular projected separation rp and relative velocity v3D/vC(rp),
where vC(rp) is the Newtonian velocity for a circular orbit at the current projected
separation. The latter is readily calculable given the estimated masses of both binary
components, and the resulting dimensionless ratio is convenient since the distribution
should be independent of rp in the case of Newtonian gravity when the eccentricity
distribution f(e) is independent of a, and should have 80th/90th percentile values
nearly independent of f(e).
In the case of modified gravity, the orbits are generally not closed ellipses, so they
are not strictly defined by the standard Keplerian parameters a, e, but we still need
to simulate a distribution in size and shape of orbits. To deal with this, for a modified-
gravity orbit we define an “effective” orbit size aˆ and quasi-eccentricity eˆ as follows:
we define aˆ to be the separation at which the simulated relative velocity is equal to
the circular-orbit velocity (in the current modified-gravity model), then we define θcirc
to be the angle between the relative velocity vector and the tangential direction when
the orbital separation crosses aˆ, and then eˆ ≡ sinφ circ; these definitions coincide
with the usual a, e in the case of standard gravity.
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We simulate orbits for both Newton and various MOND cases, using a fourth-
order Runge-Kutta integration, see appendix (A.5). For the orbit initial condi-
tions we take initial separation r(t0) = aˆ, total relative velocity v0 =
√
gG r0
where gG is the relative acceleration in the given model, and angular velocity
θ˙0 = (v0/r0) cosφcirc = (v0/r0)
√
1− eˆ2 and radial velocity r˙0 = v0eˆ; where 0 ≤ eˆ ≤ 1
is the (pseudo-)eccentricity of the orbit. We adopt a simulated eccentricity distri-
bution given by f(eˆ) = 0.4 + 1.2 eˆ, as estimated for wide binaries by Tokovinin and
Kiyaeva (2016).
After integrating these orbits using one of a selected set of gravity laws (Newtonian,
MOND, etc) and a chosen value for external field ge, we “observe” the resulting
binaries at many random times and random inclinations to the line-of-sight. For
each simulated orbit/epoch snapshot, we produce simulated observables including
the projected separation rp, 3D relative velocity v3D, and also v3D/vC(rp) as the
ratio to the circular velocity (for Newtonian gravity) vC(rp) =
√
G(M1 +M2)/rp at
the instantaneous projected separation, where rp = r sinβ is the projected separa-
tion of the orbit and β is the angle between the binary separation and the line of sight.
The radial acceleration law is chosen according to the selected gravity theory under
consideration, and also with the external field effect turned off or on (see below). For
the Newtonian/GR case, we have the standard
gN =
G(M1 +M2)
r2
(3.45)
For the MOND case with the “simple” interpolating function, we have
gM1 =
gN
µ(gM1
a0
)
, µ(x) =
(
1 +
1
x
)−1
, x =
gM1
a0
(3.46)
this interpolating function is actually known to predict excessive deviations in the
Solar system (Famaey and McGaugh, 2012), but does provide a good fit to galaxy
rotation curves in the x ≤ 1 regime, and it could readily be modified to converge
faster to µ(x)→ 1 at large x 1 to avoid the conflict with Solar system observations.
For the MOND case with the “standard” interpolating function, we have
gM2 =
gN
µ(gM2
a0
)
, µ(x) =
x√
1 + x2
, x =
gM2
a0
(3.47)
this function converges faster to 1 at large x, though it provides a somewhat less
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good fit to galaxy rotation curves since the transition from modified to Newtonian
gravity around x ∼ 1 is rather abrupt (Famaey and Binney, 2005).
We also use the fitting function of McGaugh et al. (2016) (hereafter MLS), sometimes
known as the “mass discrepancy acceleration relation”, given by
gMLS = gNν(gN/a0) , ν(y) =
1
1− exp(−√y) , y =
gN
a0
(3.48)
we refer to this as the MLS interpolating function below. This function is shown
by MLS to produce a good fit to rotation curves for a large sample of disc galaxies
spanning a range of masses; it also has the feature that the function ν(y) converges
very rapidly to 1 when y ≥ 20, so deviations on Solar System scales are predicted to
be vanishingly small.
For the TeVeS case we adopt
gT =
gN
µ(gT/a0)
; µ(x) =
2x
1 + 2x+
√
x2 + 4x
(3.49)
For the Emergent Gravity case we adopt
gEG = gN +
√
amgN (3.50)
To apply the External Field effect (ExFE), we use
gi,ExFE = gNν
(
gN + gNe
a0
)
+ gNe
[
ν
(
gN + gNe
a0
)
− ν
(
gNe
a0
)]
(3.51)
where gN is internal Newtonian acceleration, gNe is the external (Galactic) Newtonian
acceleration, and gi,ExFE is the “true” internal acceleration with application of the
external field effect. We ran simulations with three selected values of the external-field
acceleration gNe, respectively
gNe = [0.5, 1, 1.5] a0
which bracket the values for the local Galactic acceleration.
We simulate orbits using each of the above g formulae in Eqs.(3.45 – 3.50), with a
flat distribution in ln aˆ and a Tokovinin distribution for eˆ, and integrate the orbits
in time using the RK4 integration. These simulated binaries are then “observed” at
random phases and inclination angles, with the results discussed below.
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3.5.2. Results of simulated orbits
We show results of simulated observables for the orbits in various cases of gravity
model in Figures (3.3) to (3.16) below. In each case the main observable parameters
of interest are the projected separation rp and the velocity ratio v3D/vC(rp), i.e.
the ratio of the 3D relative velocity to that of a circular (Newtonian) orbit at the
current projected separation. The scatter distribution plots from Figures (3.3) to
(3.6) show the comparison of ∼ 5× 106 random simulated orbits, i.e., random semi-
major axis, eccentricities, phases and alignments for each MG theory compared with
the Newtonian prediction. We also show histograms (from Figures 3.9 to 3.16) of
v3D/vC(rp) in selected bins of projected separation, normally with bin widths of a
factor of
√
2 in projected separation.
Partly for comparison with previous work (e.g. Jiang and Tremaine 2010, Her-
nandez et al. 2012), we show the root-mean-square 3D velocity difference evaluated
in bins of projected separation for various gravity models. This is clearly a simple
statistic, but is not necessarily optimal for real-world application since it is well
known that RMS statistics are rather non-robust to outlier contamination, e.g., from
unbound or fly-by pairs. Figure 3.7 shows the MOND-like models without the ExFE,
producing rather substantial deviations above Newtonian. (The Newtonian case
shows the expected decline as RMS(v3D) ∝ r−0.5p , except for a small turn-down below
this at projected separations & 50 kAU; the latter is due to our truncation of orbits
with apocentre beyond 300 kAU). Results with the ExFE included (for ge = 1.0 a0)
are shown in Figure 3.8. This shows that with the ExFE included the deviations are
much more subtle, and essentially saturate at a near-constant multiplicative offset
from Newtonian at separations rp & 10 kAU. The size of the offset is less than 10
percent, and is rather sensitive to the choice of interpolating function; see discussion
below for potential statistical tests.
Turning to the histograms of v3D/vc(rp), we find that Newtonian gravity predicts
that the histogram of v3D/vc(rp) for wide binaries should exhibit a steep decline
above values ∼ 1.1, with an 80th percentile near 1.02 and a 90th percentile near
1.14; these features have rather weak dependence on the poorly known distribution
of orbit eccentricities.
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Figure 3.3.: Scatter distribution plot of simulated 2D velocity ratio v3D/vC(rp) vs
the projected separation log10(rp) units of [AU], including the
√
2 limit
(dashed black line) for bound orbits. This plot compares ∼ 5× 106 simu-
lated random Newtonian (black dots) orbits (i.e., random eccentricities,
semi-major axis, alignment and phase) against ∼ 5× 106 random orbits
in the context of MG theories (MG used: MOND-simple (orange dots),
MOND-standard (green dots), TeVeS (red dots) and EG(purple dots)),
MG theories without an ExFE.
Figure 3.4.: Same as Figure(3.3); comparing Newtonian against MOND-simple with
ExFE; ExFE values of ge = 0 a0 (purple dots), ge = 0.5 a0 (red dots),
ge = 1.0 a0 (green dots), and ge = 1.5 a0 (orange dots).
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Figure 3.5.: Same as Figure(3.4); comparing Newtonian against MOND-standard
with ExFE; ExFE values of ge = 0 a0 (purple dots), ge = 0.5 a0 (red
dots), ge = 1.0 a0 (green dots), and ge = 1.5 a0 (orange dots).
Figure 3.6.: Same as Figure(3.4); comparing Newtonian against MOND-MLS function
with ExFE; ExFE values of ge = 0 a0 (purple dots), ge = 0.5 a0 (red
dots), ge = 1.0 a0 (green dots), and ge = 1.5 a0 (orange dots).
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Figure 3.7.: Points show the RMS 3D relative velocity for the set of simulated
binary orbits binned in projected separation rp; for orbits excluding
the external field effect in MOND-like theories. As in the legend, from
bottom to top: black circles show Newtonian gravity; upward (downward)
pointing triangles show MOND standard (simple) interpolating function
respectively; open squares show emergent gravity; crosses show TeVeS.
Figure 3.8.: Points show the RMS 3D relative velocity for the set of simulated binary
orbits binned in projected separation rp; for orbits including the external
field effect all with gext = 1.0 a0. As in the legend, black points show
Newtonian gravity; open squares show MOND standard interpolating
function; downward-pointing triangles show MOND simple interpolating
function; upward-pointing triangles show MLS interpolating function.
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Figure 3.9.: Histograms of simulated v3D/vC(rp) in projected separation bins; rp ∈
(3.5, 5) kAU (top left), rp ∈ (5, 7.1) kAU (top right), rp ∈ (7.1, 10) kAU
(bottom left) and rp ∈ (10, 14.1) kAU (bottom right) for various gravity
models without ExFE: Newtonian (black), MOND-simple (blue), MOND-
standard (orange), TeVes (green), Emergent gravity (red).
Figure 3.10.: As Figure 3.9, in projected separation bins; rp ∈ (14.1, 20) kAU (top
left), rp ∈ (20, 28.3) kAU (top right), rp ∈ (28.3, 40) kAU (bottom left)
and rp > 40 kAU (bottom right).
3.5: Simulations of Orbits 143
In Figures (3.9) and (3.10) we show histograms of v3D/vC(rp) in several selected
bins of projected separation, comparing Newtonian gravity and various MG theories
without the ExFE. It is clear from these that all MG theories without the ExFE
produce a large and obvious shift in the distribution, with the 90th percentile reaching
∼ 2.0 in the projected separation bin (5, 7.1) kAU. The specific size of the shift is
slightly dependent on the modified-gravity model considered, but all the MG models
without ExFE show large shifts: such large effects should be readily detectable by
observations, and not reasonably produced by any combination of observational
error or sample contamination. We thus conclude that essentially all MG theories
without an ExFE can be robustly tested or ruled out by GAIA wide-binary samples
with ground-based radial velocity followup. The next set of Figures show some
MG models with the ExFE included: Figures (3.11 and 3.12) show results for
MOND with the Simple interpolation function for different values of external field,
ge = (0.0, 0.5, 1.0, 1.5)a0 respectively; so the ge = 0 case reproduces that from the
preceding Figures. Likewise, Figures (3.13 and 3.14) show the same bins and ge
values for the case of the MOND standard interpolating function, while Figures (3.15
and 3.16) show the same bins and ge values for the MLS interpolating function of
Eq.(3.48). It is seen from these figures that with the ExFE included, the shifts in
the distributions (relative to Newtonian) are considerably smaller than the no-ExFE
cases, but the shifts remain non-negligible. The shifts are only marginally visible on
the histograms, but the shifts particularly in the upper percentiles of the distribution
remain non-negligible. For the case gNe = 1.0 a0, we show the resulting 80th and
90th percentile values in Figure (3.17). These reveal that there are offsets relative to
Newtonian gravity by approximately 0.04 to 0.08 in these percentiles, depending on
the MOND function, with the offset increasing slowly with separation.
In essence, these offsets occur because the ExFE leads to approximately a moderate
re-normalisation of the effective G at low accelerations: i.e. with the ExFE included
and external acceleration gNe ∼ 1 a0, the ratio gi/gNi is slowly varying with scale
but is different from 1 at accelerations ≤ a0, so the ExFE leads to approximately
quasi-Newtonian gravity but with a re-scaled apparent value Geff of the gravitational
constant. The limiting ratio Geff/GN is dependent on the choice of MOND interpo-
lating function and the selected value of ge. For the “simple” MOND interpolation
function Eq.(3.46) and ge = 1 a0, we find an upward shift of about 7 percent in the
80th and 90th percentile values. For the MLS interpolation function Eq.(3.48), the
shift is slightly smaller than the MOND-simple interpolation function, with about 4
percent shift; this is in the direction expected since the MLS interpolation function
with external ge = 1 a0 predicts gi/gN ∼ 1.09 for gi ≤ 1a0. There is a somewhat
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unexpected result from the ExFE using the “standard” MOND interpolation function
Eq.(3.47); here the shift is smaller, but actually in the opposite sense i.e. the 80th
and 90th percentiles for v3D/vC(rp) are shifted to marginally smaller values than the
Newtonian case. This rather counter-intuitive result is actually caused by an odd
“feature” of the standard interpolating function including the ExFE: in the regime
where ge ≈ 1 a0 and gi ≤ 1 a0, the ExFE with the standard interpolating function
actually predicts internal accelerations gi about 7 percent weaker than Newtonian,
gi/gNi ∼ 0.93, and this fractional suppression is rather slowly varying for gNi between
0 to 1 a0. Another point of note is that the shift in the distributions generally becomes
apparent at projected separations somewhat smaller than simply the scale ∼ 7 kAU
where the circular-orbit acceleration is comparable to the MOND a0 constant. This
occurs for a combination of two reasons: firstly because MOND-like effects are
expected to become non-negligible at internal accelerations somewhat larger than
1 a0 (as preferred to give near-flat galaxy rotation curves and a reasonably smooth
interpolation function); and also because the tail of binaries with larger values of
v3D/vC(rp) & 1 is dominated by moderately eccentric orbits which happen to be
observed near pericenter: therefore at a given projected separation rp, the faster
binaries are those with time-average separation larger than the present-day value,
hence their past orbit has mainly sampled wider separations where the MOND-like
effects are relatively larger. This feature is interesting, since it implies that MOND-
like effects should already start to become measurably large at projected separations
∼ 3 − 5 kAU, a range where the survival probability for WBs is predicted to be
high, the perspective-rotation effects discussed in Section 3.3.4 are smaller, and the
relative velocities are not very small; all of these are favourable from an observational
perspective.
The observed shifts in the relative-velocity percentiles (relative to Newtonian
values) are qualitatively as expected from the various MOND acceleration laws
including the ExFE, which behaves roughly as a renormalisation of the gravitational
constant by a factor which is ∼ 0.9−1.3 at low accelerations but converge back to 1 at
gi  a0; this factor is generally quite slowly-varying over the range 0.3 a0 < gi < 2 a0
of interest here, so the relative offset is only slowly varying with binary projected
separation and there is no sudden feature at a specific projected separation. We also
find that exploring various choices of interpolation function and different values of the
ratio ge/a0, that the above rescaling factor is considerably sensitive to both the choice
of interpolation function and the numerical ratio of external acceleration gNe/a0,
with the deviations increasing for smaller gNe/a0. We note that the TeVeS-like µ
function equation (3.49) produces relatively larger deviations than the others.
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Figure 3.11.: Histograms of simulated v3D/vC(rp) for MOND-simple with ExFE, in
projected separation bins; rp ∈ (3.5, 5) kAU (top left), rp ∈ (5, 7.1) kAU
(top right), rp ∈ (7.1, 10) kAU (bottom left) and rp ∈ (10, 14.1) kAU
(bottom right). Black is for Newtonian, and coloured histograms are for
MOND-simple including ExFE with external field gNe: gNe = 0 (red),
0.5 (green), 1.0 (yellow) and 1.5 (blue) in units of a0.
Figure 3.12.: As Figure 3.11 in projected separation bins; rp ∈ (14.1, 20) kAU (top
left), rp ∈ (20, 28.3) kAU (top right), rp ∈ (28.3, 40) kAU (bottom left)
and rp > 40 kAU (bottom right).
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Figure 3.13.: Histograms of simulated v3D/vC(rp) for MOND-standard with ExFE, in
projected separation bins; rp ∈ (3.5, 5) kAU (top left), rp ∈ (5, 7.1) kAU
(top right), rp ∈ (7.1, 10) kAU (bottom left) and rp ∈ (10, 14.1) kAU
(bottom right). Black is for Newtonian, and coloured histograms are
for MOND-standard including ExFE with external field gNe: gNe = 0
(red), 0.5 (green), 1.0 (yellow) and 1.5 (blue) in units of a0.
Figure 3.14.: As Figure 3.13 in projected separation bins; rp ∈ (14.1, 20) kAU (top
left), rp ∈ (20, 28.3) kAU (top right), rp ∈ (28.3, 40) kAU (bottom left)
and rp > 40 kAU (bottom right).
3.5: Simulations of Orbits 147
Figure 3.15.: Histogram of simulated v3D/vC(rp) for MLS function with ExFE, in
projected separation bins; rp ∈ (3.5, 5) kAU (top left), rp ∈ (5, 7.1) kAU
(top right), rp ∈ (7.1, 10) kAU (bottom left) and rp ∈ (10, 14.1) kAU
(bottom right). Black is for Newtonian, and coloured histograms are
for MLS interpolating function including ExFE with external field gNe:
gNe = 0 (red), 0.5 (green), 1.0 (yellow) and 1.5 (blue) in units of a0.
Figure 3.16.: As Figure 3.15 in projected separation bins; rp ∈ (14.1, 20) kAU (top
left), rp ∈ (20, 28.3) kAU (top right), rp ∈ (28.3, 40) kAU (bottom left)
and rp > 40 kAU (bottom right).
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Figure 3.17.: Left panel: the 80th percentile values of v3D/vC(rp) versus projected
separation rp for Newtonian gravity, and three MOND-like models
including ExFE with external acceleration GNe = 1 a0: the Simple
interpolating function (topmost), MLS interpolating function (second
from top) and Standard interpolating function (bottom).
Right panel: the same for the 90th percentile.
3.5.3. The QUMOND formulation
After submission of the original version of this paper, we became aware of the work of
Banik and Zhao (2015) and Banik and Zhao (2018); the latter concerns tidal streams
rather than binaries, but is also relevant to the case of wide binaries as follows.
The QUMOND formulation was introduced by Milgrom (2010) as a simplification
of the earlier aquadratic Lagrangian (AQUAL) approach; using QUMOND, Banik
and Zhao (2015) give a semi-analytic solution for the acceleration due to a point
mass embedded in a tidal field. Banik (private communication) has supplied us
with an example set of solutions for several MOND interpolating functions, and
the result is that the deviations above Newtonian gravity are rather larger than
those adopted above using approximation (3.51): therefore, a numerical application
of the QUMOND formulation to wide binaries is likely to predict larger MOND
effects and easier detectability compared to the estimates here and below. Very
recently a preprint has appeared by Banik and Zhao (2018), with a rather detailed
simulation of wide binaries in QUMOND with the simple interpolating function; this
indeed produces substantially larger MOND deviations than we found here with
approximation (3.51).
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3.6. Observational considerations
We have seen above that without the ExFE, we predict rather large and easily
detectable shifts; however with the ExFE turned on (as generally expected), the
shifts due to modified-gravity are relatively small, so it would clearly be necessary to
obtain a rather large sample of wide-binary systems in order to get useful statistics.
We next make an approximate estimate of the number of useful wide-binary systems
as a function of limiting magnitude and distance, to verify that GAIA should produce
a large enough sample that the purely statistical errors are small enough, subject to
controlling all systematics.
For the present purposes we are mainly interested in binaries where both compo-
nents are main-sequence stars of spectral type late-F, G, K and early-M (approxi-
mately 1.2M to 0.5M) since brighter stars have few metal lines for precise RV’s,
while stars below about 0.5M are intrinsically faint and hence observationally more
challenging.
3.6.1. Luminosity Function & Number Density of Stellar
Binary Systems (SBS) and Wide Stellar Binary
Systms (WSBS)
In this section compute the Luminosity Function (LF) & number density of SBS and
WSBS the MW galaxy, following from the work done by Chabrier (2003) & Andrews
et al. (2017), as a function of Absolute magnitude, MV , Distance from observer to
stellar system, Dpc and Separation between stellar binary pair, S.
We determine the LF and number density for SBS using the Initial Mass Func-
tion (IMF) from the work done by Chabrier (2003).The IMF for SBS from (Chabrier,
2003) is expressed as: 4
ξ(logM)M≤1 = 0.086 exp
[− log (M/0.22)2
2× 0.572
]
[logM−1 pc
−3] (3.52)
here, ξ(logM) = dn
d logM
hence, dn
dM
= dn
d logM
d logM
dM
= ξ(logM) 1
M ln 10
= ξ(M), where
dn is the number density of SBS. Therefore, changing the units from [logM−1 pc
−3]
to [M−1 pc
−3] corresponds to an IMF for SBS given by,
4Mass & Luminosity, (M,L) are in terms of (M, L)
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ξ(M)M≤1 =
0.086
M ln 10
exp
[− log(M/0.22)2
2× 0.572
]
[M−1 pc
−3] (3.53)
We can now relate the IMF and LF via the number density;
dn = ξ(M)dM & dn = −Φ(MV )dMV
We can derive for the LF for SBS, Φ(MV )
−Φ(MV ) = ξ(M)dMdMV [mag−1pc−3]
Where using the Mass-Magnitude relation;
dM
dMV
= dM
dL
dL
dMV
Also, the Mass-Luminosity relation and Bolometric magnitude, MV , related to the
luminosity and bolometric magnitude of the sun;
Mα = L
MV = 4.83− 2.5 log( LLV,sun ) = 4.83− 2.5 logL
Where LV,Sun ≈ L and α is the dimensionless exponent for the Mass-Luminosity
relation; corresponding to the full expression for the LF for SBS, Φ(MV );
Φ(MV ) =
0.086
2.5α
exp
[− log(M/0.22)2
2× 0.572
]
[mag−1pc−3] (3.54)
Where the mass, M is determined in terms of MV , from the expression;
M = L
1
α = 100.4(MV −4.83)/α
We then calculate the number density of SBS greater than absolute magnitude,
n(< MV ) given by;
n(< MV ) =
∫ MV
0
Φ(M ′V )dM
′
V (3.55)
And we compute the number density of SBS per parsec shell;
N(< MV , Dpc) = 4pin(< MV )D
2
pc (3.56)
And the number of SBS within a sphere of a given radius Dpc;
Ω(Dpc) =
∫ Dpc
0
N(< MV , Dpc)dDpc (3.57)
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Following from the work done by Andrews et al. (2017), they determined the
probability distribution of WSBS with separations S ≥ 5 kAU. Separations S < 5 kAU
would have a flat probability distribution. The power-law for WSBS for S ≥ 5 kAU
is given by;
P (S) ∝ S−1.6 (3.58)
From Figure (14) of (Andrews et al., 2017), we derive the expression for the number
density of WSBS w.r.t separation of stellar pair S, as given below;
dn
d lnS
∝ P (lnS) ∝ S−0.6
dn
dS
∝ P (S) ∝ S−1.6
dn
d lnS
= Pk S
0.6
b S
−0.6
dn
dS
= Pk S
0.6
b S
−1.6
S > Sb =
 dndS = Pk S0.6b S−1.6dn
d lnS
= Pk S
0.6
b S
−0.6
S ≤ Sb =
 dndS = Pk S−1dn
d lnS
= Pk
where Pk is the probability constant, Sm is the minimum separation of pair and
Sb is the ‘break’ separation at which the number density or probability distribution
of WSBS begins to fall off. These resulting in the number density of WSBS per
separation S[AU ];
n(S) =
∫ Sb
Sm
Pk
S ′
dS ′ +
∫ S
Sb
PkS
0.6
b S
′−1.6dS ′ (3.59)
where rJ > S > Sb, and rJ is the Jacobi radius ∼ 1.7 pc.
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3.6.2. Number of wide-binary systems
Here we use the luminosity function (LF) of Chabrier (2003) and the binary separation
distribution from Andrews et al. (2017) to estimate the number of suitable systems
as a function of apparent magnitude, V , distance to system, d, and separation of the
stellar binary, S.
The mass function of Chabrier (2003) results in a local number density 0.0166
stars pc−3 with 0.6 ≤M/M ≤ 1.2, a range well suited for precision radial velocities.
Assuming a 300 pc disk scale-height and adding a requirement V < 15 gives an
estimate of total ∼ 196,000 such stars within D < 150 pc, or ∼ 394,000 within 200 pc,
where the distance threshold is chosen for good GAIA transverse velocity precision;
of course, only a small fraction of those will be members of wide-binary systems of
interest here.
The distribution in orbital separations has been estimated recently by Andrews
et al. (2017), who determined that the distribution in projected separation s is
consistent with the traditional Opik law s−1 (i.e. flat in ln s) up to S . 5 kAU, with
evidence for a break to a steeper power-law p(s) ∝ S−1.6 at separations S ≥ 5 kAU.
If we assume that this broken power-law applies from 0.03 AU to 100 kAU, and
normalise so that 50 percent of FGK stars have a binary companion anywhere in
that range, this predicts that 5.5 percent of FGK stars have a companion star in
our range of interest 3 < S < 20 kAU; the results of Lepine and Bongiorno (2007)
suggest a slightly higher fraction. A significant minority of the secondaries will be
mid-M or late-M stars and thus too faint for practical RV followup, but we estimate
that ∼ 3 percent of the above FGK stars should have a usable binary companion at
3 < S < 20 kAU and V ≤ 15.
Combining the above leads to an approximate estimate of about 5000 potentially
usable wide-binary systems (for D < 150 pc, V < 15), or over 10,000 if we extend to
D < 200 pc; these are divided between about five separation-bins as used above, so
around 1,000 to 2,000 systems per
√
2 separation bin.
3.6.3. Observational caveats
For binaries in our considered range V . 15, d . 200 pc, the GAIA statistical
proper-motion errors are . 0.02 km s−1, and in principle modern planet-hunting
spectrographs such as HARPS and ESPRESSO can readily reach differential RV
precision well below 0.01 km s−1 at V ∼ 15. Stellar RV jitter is also usually negligible
at these levels, so in principle the binary relative velocities are measurable at better
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than the 10 percent level.
However, other sources of error are potentially more serious: here we discuss some
observational considerations regarding absolute velocity precision, contamination by
unbound pairs, and confusion from hierarchical triple/quadruple systems. Our method
does rely on a rather good calibration of the luminosity-mass relation. However, this
is potentially testable using the binaries at smaller projected separation . 1 kAU
where the deviations due to modified gravity are predicted to be nearly negligible.
Also, the required high-quality spectra (for radial velocities) should provide precise
metallicities, allowing this to be included in the calibration.
Concerning the absolute velocity precision, while modern high-stability planet-
search spectrographs can routinely deliver radial velocity precision ∼ 0.001 km s−1,
this however is the differential precision over time for the same star; while here we
are interested in the absolute RV difference between the two components of a wide
binary. This implies that unlike the planet-finding case, extra systematic effects such
as gravitational redshift, convective blueshift, and zeropoint errors from spectral
mismatch (actually the difference in these between the two stars) must be corrected
for. The gravitational redshift term is ' 0.633 km s−1 (M/R) in solar units, and
since the M/R relation is fairly close to linear this is slowly varying for main-sequence
stars. This should probably be correctable at better than the 0.03 km s−1 level.
The convective-blueshift term (arising from rising/falling cells of differing tem-
peratures in the stellar atmosphere) is somewhat more challenging, with amplitude
estimated as ' −0.3 km s−1 for the Sun and decreasing towards low-mass stars
(Kervella et al., 2017). However in practice this term is calibrated out when RVs are
zeropointed to the Sun, but re-appears for stars of non-Solar-like spectrum. This term
is probably the most important systematic effect in limiting the absolute accuracy
on radial velocities; however, the potential bias can be reduced by either selecting
subsamples of binaries of similar spectral type, or tested by studying the asymmetry
of binary RV differences vs spectral type, since the orbital velocity differences should
on average be symmetrical around zero.
It is also possible to use short-period binaries to test for systematic offsets in
absolute radial velocity zero-point as a function of spectral type: for short-period
binary stars, the time-average of the two radial velocities averaged over an integer
multiple of the period should both be equal to the barycentre radial velocity. Thus,
observations of medium-separation binary stars with known moderate-period orbits
and selected spectral types can potentially provide a check for type-dependent shifts
in the RV zeropoint.
Hierarchical triple/quadruple systems where one or both components of the wide
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system are themselves close binaries are a more serious issue, since for unequal masses
(thus very unequal luminosities) the extra components may lurk undetected and can
greatly shift the observed relative velocities of the wide system compared to the value
for an isolated binary. However, we estimate that this source of contamination should
usually be removable by follow-up observations: in the case of very close inner pairs
≤ 3 AU these should show large radial-velocity variations within a timespan of a
year or two; while wider systems ≥ 3 AU should be resolvable by direct imaging with
adaptive optics unless the extra companion is very faint. This leaves intrinsically
faint brown-dwarf or super-Jupiter companions with periods of order 10-100 years as
the main potential problem. The brown-dwarf “desert” is helpful in this respect, as
cold Jupiters only produce small reflex motions of order 0.012 km s−1, while brown
dwarfs above the D-burning limit should mostly be detectable in deep imaging.
Contamination from unbound pairs misclassified as bound binaries is a potentially
more serious issue: however, we note that for a random phase-space distribution the
contamination should be very small. For objects with a density of order 0.1 pc−3 and
velocity dispersion ∼ 25 km s−1, the probability for a given primary star to have a
chance-flyby companion with projected separation rp < 30 kAU, radial separation
∆d < 0.5 pc and 3D velocity difference ≤ 1 km s−1 is of order 10−6, which is far
below the estimated fraction of true wide binaries. We model this probability for
a phase-space density as a uniform number density of stars 0.1 pc −3 in real-space,
multiplied by a 3D Gaussian in velocity space with a dispersion of 25 km s−1 in each
component. This gives a phase-space density of,
f(x, v) = 0.1
1
(σ
√
2pi)3
exp(−v2/2σ2) [stars pc−3(km/s)−3] (3.60)
For σ = 25 km s−1 and v  σ the exponential factor is very close to 1. Multiplying
the above by a real-space cylinder volume of pi(30 kAU/1pc)2 × 1pc and a spherical
volume of radius 1 km s−1 in velocity space gives a mean number of ”chance” fly-by
companions per primary star of order ∼ 10−6, which is far smaller than the estimated
fraction (a few percent) of true wide binaries. So ‘pure chance’ fly-by events should
be nearly negligible.
This leaves the major issue as objects with correlations in phase-space: either
“ionized” previously-bound wide binaries, or unbound pairs with a common origin,
are the main potential source of contamination. Most of these are expected to have
v3D/vc(rp) ≥ 2 and these can be clipped from the sample; the remaining issue is that
unbound common-origin pairs aligned at a relatively small angle to the line-of-sight
(small sinβ) can then masquerade as bound binaries with v3D/vc(rp) ∼ 1.1, hence
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causing an upward bias in the 80th or 90th percentile value for apparently-bound
binaries. It should be possible to model the distribution of these by counting unbound
pairs as a function of projected separation and velocity difference and assuming
random viewing angles, though this will require further study; this is beyond the
scope of the present work.
Thus it appears that none of the above problems is serious enough to be a
fundamental blocker from an observational perspective, though they may substantially
increase the requirements in follow-up observing time to eliminate hierarchical
triple/quadruple systems, to check for spectral-type-dependent offsets in the RV
zeropoint, and to check the mass-luminosity relation using smaller-separation binaries.
3.6.4. Statistical errors
Here we note that the steep fall in the histogram of relative velocities at v3D/vC(rp) ∼
1.1 is also helpful for statistics: this implies that the statistical uncertainty in esti-
mating the 80th and 90th percentiles from a sample size of N binaries is substantially
smaller than the naive estimate ≈ 1/√N ; in essence this arises because detecting a
“sharp edge” in a distribution is more precise than estimating the centroid of a broad
distribution.
For example, if we define X90 to be the observed 90th percentile from a sample
of N , and x is an arbitrary variable, then P (X90 > x) can be calculated as the
binomial probability of obtaining ≥ 0.1N “successes” from N independent trials
with probability 1− C(x), where C(x) is the cumulative PDF for one binary. Then,
for an example case of N = 1000, we expect 100 ± √90 binaries above the true
90th percentile, hence there is just over 68% probability that the observed 90th
percentile will fall between the true 89th and 91st percentiles; from the simulated
histograms above, these points are offset by ' ±0.01 from the 90th percentile. Thus
the uncertainty on the 90th percentile should be reasonably approximated by 0.3/
√
N ,
not simply 1/
√
N . This implies that a sample of ∼ 1000 well-measured binaries can
give a statistically significant detections of an offset ∼ 0.04 relative to Newtonian
predictions, which is enough to robustly detect the offsets predicted in MOND-like
modified gravity models, even in the various ExFE cases, if all systematic errors
and contamination can be controlled well enough and/or statistically corrected via
simulations.
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3.7. Conclusions
Following on from earlier related studies (e.g. Hernandez et al. (2011, 2012, 2014),
and Hernandez et al. (2017), we have estimated the prospects for observational
tests of modified-gravity theories using wide-binary stars selected by GAIA and
high-precision radial velocities from ground-based telescopes. Considering the ratio
of 3-D relative velocities to the Newtonian circular velocity, in standard gravity the
probability distribution function contains a rather steep decline at v3D/vC(r) ∼ 1.2,
resulting in 80th and 90th percentile values which are only weakly dependent on the
uncertain distribution of orbital eccentricities. In a practical case we only have access
to projected separation rp rather than r, but this causes only a modest broadening of
the distribution towards smaller values of the ratio v3D/vC(rp); this parameter is well
measurable with GAIA data combined with accurate ground-based RV measurements.
We simulated large numbers of binary orbits with various gravity models observed
at random angles and phases, and evaluated the statistical distribution of v3D/vc(rp),
in particular the 80th and 90th percentile values which are reasonably insensitive
to the eccentricity distribution and only weakly sensitive to a small fraction of
contaminants.
Our general conclusions are summarised as follows:
1. If the relevant modified-gravity theory does not contain an external field effect,
then large non-Newtonian deviations in the relative velocity distribution should
be easily observable for binaries wider than about 5 kAU, so MOND-like theories
without an ExFE should be rather easy to detect or rule out with samples of a
few hundred wide binaries.
2. Binary projected separations of order 3−15 kAU seem to be the most promising
range, since MOND-like effects should start to appear above a few kAU; while
other considerations (required velocity precision, perspective rotation effects,
tidal effects) all become more challenging at even larger separations.
3. With the external field effect (ExFE) turned on (as in most MOND-like
modified gravity theories), the deviations are considerably reduced, but are still
potentially detectable and contribute a shift of order ∼ 4−8 percent, depending
on the MOND interpolating function, which is potentially detectable with a
moderately large statistical sample of order 1000 well-observed wide-binary
systems.
4. Again with the external field effect turned on, the size of deviations predicted
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by MOND-like theories are quite sensitive to the specific shape of the MOND
interpolating function (or equivalent) and the value of the external field. Since
the Galactic acceleration field (from baryons) is quite close to 1 a0, the wide
binaries are in a regime where the Galactic and internal accelerations are rather
similar. This implies that MOND-like effects tend to produce an acceleration
law with slope fairly close to 1/r2, but with an apparent rescaling of the
gravitational constant.
5. To a reasonable approximation, MOND-like theories including the ExFE pro-
duce a shift in the 80th and 90th percentiles of v3D/vC(rp) which are propor-
tional to
√
Geff/G in the relevant MOND model; this allows a qualitative
assessment of the effects for other MOND-like models beyond those simulated
here.
6. Improved constraints in future on the Galactic acceleration and the required
shape of the MOND interpolating function around ∼ 1 a0, both from GAIA
and external galaxy rotation curves, will be helpful to constrain these and give
more specific predictions for the size of deviations.
7. More detailed computations of the MOND accelerations with the Galactic
external field as in e.g. Banik and Zhao (2015) and Banik and Zhao (2018)
indicate larger deviations from GR than the approximations we used above;
this improves the prospects for observational tests.
8. The sample of observable wide binaries at d ≤ 200 pc from GAIA is probably
large enough to give a statistically significant test for the presence or absence
of MOND-like effects, if all systematic errors and contamination can be well
controlled or statistically corrected from simulations.
Further study is needed to investigate the practical effects of contamination from
common-origin unbound stellar pairs, realistic systematic errors in the luminosity/-
mass relation, possible radial velocity systematic errors, and perspective-rotation
effects; these will probably require considerably more detailed simulations and also
more input from future observations, so this paper provides essentially an initial
feasibility study.
However, this test looks potentially very interesting as an observationally viable
probe of possible modified-gravity effects in a relatively less explored portion of
parameter space.
4. Searching for Wide Binaries via
GAIA DR2
In this chapter we discuss a search for real Wide Binary systems suitable for applying
the test described in Chapter (3), using the recent GAIA DR2 data release.
4.1. GAIA overview
The GAIA spacecraft was launched on 19th December 2013, and it is a fully European
mission, designed and built by European Space Agency (ESA) Prusti et al. (2016).
GAIA is a space observatory designed for astrometry: measuring the positions,
distances and proper motions of sources, mainly stars, with unprecedented precision.
GAIA’s main objective is to construct the most precise three-dimensional map of
our Milky Way galaxy by surveying over more than one billion sources, mainly stars,
also including other sources such as exo-planets, comets, asteroids and quasars.
During GAIA’s anticipated five-year survey, the GAIA mission is set to observe each
of its one billion sources about 70 times, recording their brightness, position, distance
and proper motions over time to unprecedented precision. The GAIA spacecraft
has enough consumables to operate for at least nine years, also its detectors are not
degrading as quickly as initially expected, hence the mission can extend beyond its
anticipated five-year duration.
The GAIA mission will precisely chart all the astrometric measurements, which
is expected to result in the discovery of thousands of new celestial objects, such as
exo-planets and brown dwarfs, and observing thousands of asteroids within our solar
system. The mission will also include the study of 50,000 distant quasars, which
will provide stringent tests on GR. The huge stellar census that the GAIA data will
provide is going to tackle an enormous range of important problems related to the
origin, structure & evolution of our galaxy, also probing the distribution of dark
matter. The vast catalogue of sources expected from the GAIA mission will not only
benefit the studies of our own galaxy and solar system, but also the fundamental
physics that underpins our entire universe.
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4.1.1. Spacecraft and Instruments
The GAIA spacecraft has two main modules: the payload module, containing the
telescopes, the focal plane and related electronics; and the service module, containing
all the mechanical, structural, electrical and thermal elements that support the
instruments, and spacecraft electronics. The payload module is built around a
toroidal-shaped optical bench (about 3m in diameter) which provides the structural
support for the single integrated instrument that performs three types of measurement:
Astrometry, Photometry and Spectroscopy. The payload module also contains all the
necessary electronics for managing the instrument operation and processing raw data.
The service module includes the micro-propulsion system, deployable sun-shield,
the thermal tent and solar arrays; and support functions for spacecraft pointing,
electrical power control, central data management, and radio communications with
Earth. In addition, the service module hosts the scientific video processing units and
data storage memory for the instruments in the payload module.
The spacecraft is located near the second Lagrange point L2. For the Sun-Earth
system, the L2 point lies at a distance of 1.5 million km from the Earth in the
anti-Sun direction and co-rotates with the Earth in its 1-year orbit around the Sun.
The principle advantages of an L2 orbit is that Sun, Earth and Moon are always on
the same side of the spacecraft, also providing a very good thermal stability for the
spacecraft. It also offers the entire celestial sphere to be observed during the course
of one year. To remain at L2, the GAIA spacecraft performs small maneuvers every
month. The GAIA spacecraft contains two telescopes, each are 1.45 × 0.5 m, using
a dual telescope concept with a common structure and common focal plane with
dimensions 1.0 × 0.5 m, the largest focal plane of any spacecraft. Two telescopes
view different parts of the sky, separated by a basic angle of 106.5 degrees. The
telescopes involve ten mirrors of different shapes and sizes to collect, focus and direct
light into GAIA’s science instruments for detection. Both telescopes are based on
a three-mirror anastigmat (TMA) design. Beam combination is achieved in image
space with a small beam combiner. In order for GAIA to maintain very high stability,
the spacecraft contains almost no moving parts. A silicon-carbide (SiC) ultra-stable
material is used for the mirrors and telescope’s structure, preventing the expansion
and contraction due to heat. Each telescope has a primary mirror with a collecting
area of about 0.7 m2. These have a rectangular shape to make the most efficient use of
limited space inside the spacecraft. GAIA’s observatory containing the two telescopes
is 3.5m across. It also consists of three curved mirrors and three flat mirrors, focusing
and repeatedly folding the light, before reaching the detectors over an effective focal
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length of 35 m. The observatory includes a highly robust measurement system for the
Basic Angle (BA) between the two telescopes’ pointing directions. There is a large
common focal plane with an array of 106 charge coupled devices (CCDs) to record
starlight falling onto them (see Figure 4.1 for allocation of CCDs). There consist two
rows of 1×7 Sky Mapper (SM) CCDs on the focal plane; each SM is allocated to one
of the two telescopes on the spacecraft, hence each SM will observe via its allocated
telescope in real time. The light from both telescopes, observed by the SMs, are
then passed across to all three science instruments on the focal plane. Due to the
spacecraft’s rotation, images move across the focal plane array from left-to-right (see
Figure 4.2) at 60 arcsecs per second. The focal plane consists of three main science
instruments:
1. Astrometry: Precisely determines the positions of stars of magnitude 5.7 to
20 by measuring their angular position. By combining the measurements of
any given source over the five-year mission, it will be possible to determine its
parallax, and therefore its distance, and its proper motion (i.e., the angular
velocity of a source projected on the plane of sky)
2. Photometry: Allowing acquisition of flux measurements of stars in 320-
1050 nm spectral range, over the same magnitude of 5.7 - 20; Blue and Red
photometers providing low resolution spectrophotometric measurements for
each object over wavelengths 320-680 nm (blue), 650-1050 nm (red). The
photometers are used to determine stellar properties such as temperature, mass,
age, and elemental compositions. The multi-colour photometry is provided by
two low-resolution fused-silica prisms, dispersing all the light entering the field
of view in the along-scan direction prior to detection.
3. Radial Velocity (RV): Used to determine the velocity of sources along the
line-of-sight by acquiring high-resolution spectra in the spectral band range
847-874 nm (including the strong CaII triplet lines), for objects up to magnitude
17. Radial velocities are measured with a precision of 1 kms−1 (V=11.5) and 30
kms−1 (V=17.5). This adds the third dimension of space motion; note that RV
will provide radial velocities for only about 20 million stars out of 1 billion with
astrometric measurements, so ground-based facilities e.g., 4MOST & MOONS
will be needed to go fainter.
The focal plane also includes areas dedicated to the spacecraft’s metrology and
alignment measurements. Together GAIA’s CCDs makes the largest focal plane ever
to flown to space, a total of one billion pixels covering an area of 0.38m2 ESA-GAIA
(2018).
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Figure 4.1.: Allocation of CCD detectors in the GAIA focal plane.
Figure 4.2.: Schematic of the Focal plane and where it is placed in the payload
module. As GAIA rotates, star images drift across the focal plane from
left to right. The focal plane contains the wave-front sensor (2 CCDs),
used to measure the optical quality of each telescope, and the basic angle
monitor (2 CCDs), used to monitor fluctuations in the basic angle. The
Sky Mappers (SMs): objects entering the fields of view first pass across
the SMs (SM1 or SM2, each consisting of 7 CCDs, SM1 is allocated only
to the first telescope, while SM2 is allocated to the second telescope).
The SMs identify which telescope is viewing the object, and are used
to communicate details of the star transits to the subsequent CCDs
on the RHS of the SMs. The main astrometric field of the focal plane
will be sampled by 62 CCD detectors, each read out in time-delayed
integration mode synchronised to the scanning motion of the satellite.
The Blue and Red Photometers, sampled by 14 CCDs serving GAIA’s
photometric instrument (See text); and Radial Velocity Spectrometer
(green) sampled by 12 CCDs with the diffraction grating placed below it.
(ESA-GAIA, 2018)
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SQL used in GDR2 to find objects with G≤16 & ωˆ ≥5 mas
SELECT source_id, ra, ra_error, dec,dec_error, parallax, parallax_error,
pmra, pmra_error, pmdec, pmdec_error, phot_g_mean_mag,
radial_velocity, radial_velocity_error
FROM gaiadr2.gaia_source
WHERE parallax >= 5 AND phot_g_mean_mag <= 16
ORDER BY Dec ASC
Table 4.1.: SQL GDR2 used to search for WBs
4.2. Initial Sample for WBs
The GAIA data release 2 (GDR2) has been collecting data for 22 months (scientific
data collection began in July 2014). GDR2 represents the planned advancement to
the GDR1 (Prusti et al., 2016) by providing a catalogue for over 1 billion sources,
supplied with high precision parallax, proper motions, precise and homogeneous
multiband-all-sky photometry, and radial velocities at brightness G≤13 (Brown et al.,
2018). We use GAIA science archive to download our sample from the latest gaia
data release 2 (GDR2), released on the 25th April 2018. The GDR2 contains ∼
1.7 billion sources in the magnitude range G≈ 3 − 21; parallax uncertainties are
typically 0.04 milli arcsecs (mas) for sources at G< 15 mag, 0.1 mas for sources with
G= 17 mag, and 0.7 mas at G= 20 mag. Also, the proper motion uncertainties are
typically 0.06 mas yr−1 for G<15 mag, 0.2 mas yr−1 for G= 17 mag, and 1.2 mas yr−1
for G=20 mag. Our selection sample is given by the following SQL query as shown in
table (4.1).We select the sourceID (source_id), right ascension (RA), and its errors,
declination (Dec) and its errors, parallax (parallax) and its errors, proper motions
of RA (pmra) and errors, proper motions of Dec (pmdec) and errors, the mean G
apparent magnitude (photo_g_mean_mag), and radial velocity(radial_velocity)
and errors, all from the GDR2 GAIA source data-base. At this stage we only apply
cuts in G and parallax; we apply additional cuts on data-quality later.
As explained in section (3.6.2), we use the luminosity function from Chabrier
(2003) and the binary separation distribution from Andrews et al. (2017) to estimate
the number of suitable systems as a function of magnitude and distance to system,
and separation of the stellar binary. we estimate over 10,000 usable WB systems
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for the conditions of G<16 mag and parallax distances ωˆ >5 mas (d<200 pc), which
are bright enough for follow-up radial velocity measurements from ground-based
telescopes with high-resolution spectrograph. Also, the errors are very small, and
easy to handle for great statistics. Our SQL query, with these specific conditions,
returns a total of 970,759 sources from which we search for WBs.
4.2.1. WB selection
We select binary systems with a maximum separation of 40 kAU. It is impractical to
search all pairs for 970,759 stars, so we use various speed-ups as follows: For each
star indexed i1, we then set the maximum separation angle to be;
angmax = 1.1
sepmax
206265.0[AU ]
· Plx[i1]
1000
· 180
pi
(4.1)
Plx is the parallax in mas and it is divided by 1000 for conversion of angle in mas
into arcsecs. The 180/pi is the conversion factor from radians to degrees; sepmax is
the maximum separation set to 40 kAU which is divided by 206265 AU to convert
in units of parsecs, see section (A.6) for explicit derivation. The 1.1 factor is for
‘headroom’ on the difference in distance. i1 represents the indexing, where each data
row sample (or star with its selected components) is numbered and sorted into an
index column in ascending order starting from one. In our sample the index column
is labelled as i1. We place limits on the declination for matching stars, as given;
Declow = Dec[i1]− angmax
Dechigh = Dec[i1] + angmax
Once the limits are in place, we loop through the entire sample and take each
‘initial’ row and compare it with all of the other rows in the sample, until we find
any ‘matching’ rows i2 consistent with a WB system. The ‘initial’ row will be
labelled with the i1 index, while the ‘matched’ row is labelled with i2 index. The i2
represents the indexing of ‘matched’ rows, which were numbered already from the i1
indexing; also sorted in ascending order starting from i2 = i1 + 1, and the numbered
‘matched’ rows are in the index column labelled i2. We keep the condition i2 > i1
to avoid any duplicates within our WB sample. To ‘find’ the wide binary pairs, we
set the following statements, followed with specific conditions;
while (Dec[i1] ≤ Dechigh AND i2 ≤ nindx)
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where nindx is the maximum number of rows within our sample, after this statement
we compute the differences in RA & Dec in units of degrees, the average Dec, the
projected angle in radians, and the angle in degrees, given by;
∆RA = RA[i1]− RA[i2]
∆Dec = Dec[i1]− Dec[i2]
Decavg =
1
2
(Dec[i1] + Dec[i2])
ang[rads] =
√
((∆RA · cos(Decavg))2 + (∆Dec)2)
ang[deg] = ang[rads] · 180
pi
We apply a test on angle, canceling computations for separations being too large;
if the angular separation in degrees ang[deg] is larger than the maximum separation
angle angmax, then we drop the remaining computations and move to the next i2
star. If the angular separation is smaller than the threshold, the computation moves
onto computing the absolute difference in distances, the standard deviation of the
distance, the distance average, the difference in the proper motions, the projected
separation in units of AU and the projected velocity difference in units of km s−1 as
follows;
∆d =
∣∣∣∣ 1000Plx[i1] − 1000Plx[i2]
∣∣∣∣
σd =
((
1000 Plxerr[i1]
Plx[i1]
2
)2
+
(
1000 Plxerr[i2]
Plx[i2]
2
)2) 1
2
davg =
1
2
(
1000
Plx[i1]
+
1000
Plx[i2]
)
∆pmra =
(
pmra[i1]− pmra[i2]
)
∆pmdec = pmdec[i1]− pmdec[i2]
∆pm = (∆pmra2 + ∆pmdec2)
1
2
rp = ang[rads] · davg · 206265.0[AU ]
∆vp = ∆pm · davg · 0.00474
where 0.00474 is the conversion factor from mas yr−1 to km s−1. Note here, vp is
calculated assuming both stars are at the mean distance, since for real binaries the
difference in distance will be much smaller than the standard deviation in measured
distances.
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After a row has gone through the above computation, it is then passed through
specific tests, given below ;
∆d ≤ 4 · σd
AND 0 ≤ rp ≤ Sepmax
AND |∆vp| < 3 kms−1
The statements above in recording a WB are; if the two distances do not differ by
more than 4 times the combined standard errors (σd), and the projected velocities
difference (∆vp) is less than 3 km s
−1, with the requirement of their projected separa-
tion (rp) being less than the maximum separation angle of 40 kAU. Once the row
has met the above statements after its computation, it is then recorded as a WB
pair candidate and written into a new sample data-set for WB candidates. This WB
search routine gives a total of 50,003 WB candidates.
4.3. Additional cuts to WB sample
Our sample of 50,003 WB candidates is next pruned by applying additional cuts, in
order to have a clean sample of isolated WBs, which are not prone to contamination
and/or tidally disrupted by external sources. The scope of this project is focused on
testing gravity via the interaction between the WB pair by observing their relative
velocities. This involves cutting out the galactic plane, clusters, and rejecting ‘triples’
and third ‘faint’ star companions. We cut out the galactic plane from our sample
because of the higher density of background sources, resulting in lower WB data
quality. Various clusters are cut out from our sample due to WB systems being
subject to tidal disruptions by external forces or could just be two stars in a cluster
with similar properties masquerading as a WB system. For third star companions,
its the case of one member of the pair in the WB system is a binary system itself,
which can affect the relative velocity measurements.
We cut out the galactic plane from our sample by discarding sources that lie in the
absolute galactic latitude |b| < 15. This cuts out 25% of the sky, but leaves a cleaner
sample with less chance of measurements affected by confusion due to high stellar
density. Also, we cut out clusters from our sample, the clusters are listed below with
their given RA & Dec ;
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• Cluster 1, Praesepe: 129 < RA < 131 , 18 < Dec < 22
• Cluster 2: 54 < RA < 59 , 22 < Dec < 27
• Cluster 3: 238 < RA < 248 , -29 < Dec < -19
keeping candidates that lie in the galactic latitude |b| > 15, and cutting out the three
clusters as mentioned above leaves us with a sample of 33,667 WB candidates.
4.3.1. Reducing WB sample by cutting out ‘triples’
Another additional cut involves rejecting all the ‘triples’ from the sample. These
are candidates where one member of the WB pair (or row) is matched with more
than one other row within the sample (i.e., the same star appearing in two or more
rows in the list of WB candidates). After rejecting all the triples, we are left with a
sample of 30,549 WB candidates.
4.3.2. Reducing WB sample by cutting out third ‘faint’ star
companions
We reject WBs with third star cases, as they may be hierarchical triples, where the
third star perturbs the velocity of its companion within the WB. For cutting out
the WB candidates with third ‘faint’ star companions, we download a new sample
from GDR2 using the same SQL query as table (4.1), with the change of going to a
fainter magnitude limit G<20, to contain the faint sources in our sample that are not
found in G<16 sample, hence to find the third star that’s fainter that the other two
stars within the WB system, and parallax ωˆ>4.2 mas. We apply the same criteria
in searching for WB candidates, as described above, to our new downloaded GDR2
sample of (G<20, ωˆ>4.2) producing a ‘faint-WB’ sample. We then cross-match each
star in our WB candidates sample( after |b| > 15 and cluster cuts) with the faint-WB
sample. In the case for finding the third faint star companion and producing a
faint-WB sample, we applied various changes to the search criteria, the changes are
listed below;
• Sepmax = 23 · rp[i1]; this is because hierarchical triples are predicted to be
unstable if the ratio of smaller to larger semi-major axis is & 0.4, so we use a
conservative limit of 0.66.
• Test angle, if the separation of the pair is too large, or so small that it’s the
same star; ang[deg] ≤ angmax AND ang[deg] ≥ 0.53600
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• The absolute projected velocity difference; |∆vp| < 5 km s−1
The rp[i1] are the computed projected separation values from the previous sample
(G<16, ωˆ > 5 mas), with the galaxy & cluster cuts, and discarded ‘triples’, containing
30,549 WB candidates. After running the search, the third faint star companion is
then indexed in ia, representing one of the stars in the pair listed in either index i1
or i2 from the (G<16, ωˆ > 5 mas) with galaxy & cluster cuts and discarded triples
sample. We discard all matches between ia and i1 OR i2, leaving us with a sample
of (G<16, ωˆ > 5 mas) with galaxy & cluster cuts, and discarded triples and third
faint star companion, containing 29,552 WB candidates.
4.3.3. Reducing WB sample by cutting out ‘lower-quality’
stars
Another additional cut was applied by rejecting the ‘lower-quality’ stars, as described
in the work on GDR2 catalogue validation by Arenou et al. (2018), within our WB
candidates sample. The lower-quality stars are the sources that ‘fail’ equation (1)
criteria in Arenou et al. (2018), or their visibility_periods_used1 less than 8,
sources that contain visibility_periods_used< 8 are regarded as suspect data.
The rejection of lower-quality stars from our WB candidates sample process is done
by downloading a new sample of the lower-quality stars using the criteria as described
in Arenou et al. (2018); i.e., listing stars with our original (G<16, ωˆ>5 mas) which
fail the criteria described in equation (1) of Arenou et al. (2018). We match the lower-
quality star sample with our WB candidates sample, and discard all the matched data.
This leaves our sample with a total of 24,282 potential WB candidates, hereafter we
refer to this as the ‘cleaned’ WB sample, after the initial being processed through
our WB search criteria, galactic plane and clusters cuts, and rejected triples, third
star companions and lower-quality stars. Below are figures of Aitoff projection of the
initial sample the GDR2 with (G<16, ωˆ >5 mas) downloaded from the GAIA source
Figure 4.3; the initial WB sample (before cleaning) Figure 4.4; and our cleaned WB
sample Figure 4.5. The ‘initial’ sample shows some clear clusters, and an excess
near the Galactic plane. The ‘cleaned’ sample shows a nearly uniform distribution,
except for the two ‘halos’ which are due to lower coverage from the GAIA 2-year
scan pattern.
1The catalogue field (visibility_periods_used) indicates the number of groups of observations
separated from other by at least 4 days.
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Figure 4.3.: Aitoff projection in galactic coordinates of initial star sample G<16 and
ωˆ >5 mas.
4.4. Computing vC(rp) and results
We next estimate the masses and hence the circular Newtonian velocity at a current
project separation vC(rp) for our ‘cleaned’ WB candidates sample .
4.4.1. Computing vC(rp) using Mass-Luminosity relations
We download the stellar parameter data from Pecaut and Mamajek (2013) for a
mass range 0.5 < M/M < 1.5 for stars with spectral type (SpT) FGK and early
M. We are interested in these stars because they are bright enough for follow-up
ground-based spectroscopy and do not suffer from various observational caveat, see
section (3.6.3). We the use the latest GDR2 photometric content and validation
from Evans et al. (2018) to convert from absolute V magnitudes (V) to GAIA’s G
magnitude (G), using Johnson-Cousins relation given by;
G− V = −0.01746 + 0.008092(V − I)− 0.2810(V − I)2 + 0.03655(V − I)3 (4.2)
To compute the absolute G magnitude (or MG) we use the absolute V magnitude
(or MV ), and the (V −I) values from the Mamajek data (Pecaut and Mamajek, 2013),
with the sample of mass range 0.5 < M/M < 1.5 for stars of spectral type FGK,
early M. We substitute the MV and (V − I) values from Pecaut and Mamajek (2013)
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Figure 4.4.: Aitoff projection in galactic coordinates of the ‘initial’ WB sample ‘before
cleaning’ of 50,003 candidates before ‘cuts’ were applied.
Figure 4.5.: Aitoff projection in galactic coordinates after cutting out galactic plane,
clusters, rejected triples, third star companions and lower-quality stars
(the ‘cleaned’ WB sample), containing 24,282 WB candidates.
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to derive a table of MG vs mass into equation(4.2)
2. We next derive a linear fit of
MG against log10(M/M), then, we plot MG against log10(M/M) and determine
the gradient, giving a value m= −13.8. The zero-point value α, is then determined by
obtaining value of MG for when log10(M/M) = 0, giving us the value for α = 4.716.
This leads to expressing the Mass-Magnitude relation for GAIA’s G magnitudes as;
MG = α− 13.8 log10(M/M) (4.3)
We can then use equation (4.3) to compute the masses from our GDR2 (G<16,
ωˆ > 5 mas) WB candidates sample with galaxy & cluster cuts, rejected triples & third
stars, and no lower-quality stars; we use the mean apparent G magnitude MG,app
and parallaxes ωˆ within the sample. The absolute G magnitude MG is computed via
the distance modulus formula. Step-by-step of the conversion from MG to mass is a
follows;
MG = MG,app − 5 log10(d/10pc) (4.4)
where d = 1000/ωˆ[mas] is the distance to the source in unit of parsecs. Substituting
in values of MG, computed using equation (4.4) into equation (4.3), we can therefore
estimate the mass of the WB candidates within our sample, using the equation (4.3)
in terms of mass, units of solar masses M;
M/M = 10(α−MG)/13.8
After computing the masses, we can then go ahead and compute vC(rp) the velocity
for a circular Newtonian orbit at the current projected separation rp ≡ rp, expressed
as;
vC(rp) =
√
G(M1 +M2)
rp
(4.5)
In Figure 4.6, we produce a scatter plot of the cleaned WB sample, comparing the
projected velocity difference ∆vp against the projected separation rp. In Figure 4.7,
we scaled ∆vp with the circular Newtonian velocity at a current projected separation
vC(rp) given by equation (4.5), also including the
√
2 limit for bound orbits. We can
see in Figure 4.7 there is an upper cutoff, missing out some binaries with rp <1 kAU
and vp/vC(rp) &
√
2, but these are not relevant for the gravity test. There is a clear
‘stripe’ of excess binaries at vp/vC(rp) .1, and a ‘cloud’ at large vp/vC(rp) &
√
2
which we discuss below.
2The equation(4.2) can be re-written as MG = MV + (−0.01746 + 0.008092(V − I)− 0.2810(V −
I)2 + 0.03655(V − I)3)
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Figure 4.6.: Scatter plot of the projected velocity difference ∆vp vs projected separa-
tion log10(rp) of the ‘cleaned’ WB sample.
Figure 4.7.: Scatter plot of the velocity ratio of projected velocity scaled with the
circular Newtonian velocity at the current projected separation vp/vC(rp)
vs projected separation log10(rp) of the ‘cleaned’ WB sample.
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4.4.2. Results with vp/vC(rp)
In Figures (4.8) to (4.10) we show histograms of vrp/vC(rp) in several selected
bins of projected separation of ‘cleaned’ WB candidate sample equating to a total
of 24,282 WB candidates. The projected separation in these histograms ranges
from log10(rp) ∈ 2.2− 4.6, translating to 150 AU to 40 kAU. Within this projected
separation range, we are only using a total of 22,834 WB candidates from our
sample. We are interested in this projected separation range because modified gravity
theories without the ExFE are expected to deviate from the Newtonian prediction at
log10(rp) ≈ 3.8, translating to rp ≈ 7 kAU, resulting in having a large obvious shift
in their distribution (i.e., majority of the distribution shifting above the
√
2 limit),
as shown in section (3.5.2). We can see in these histograms that some parts of the
distribution is on the R.H.S of the
√
2 limit, (Newton-GR predicts a distribution to
always remain on the L.H.S of the
√
2 limit). These are distributions of vrp/vC(rp)
and not the v3D/vC(rp) distributions, as the ones simulated to perform tests of gravity,
see section (3.5). Furthermore, in section (3.7), we discussed the promising projected
separation range rp ∈ (3−−15) kAU (translating log10(rp) ∼∈ (3.5−−4.2)), where
MG theories without the ExFE start to appear, while being less prone to other
external tidal effects, and some observational caveats are less challenging. In Figure
4.11, we show an Aitoff projection within this range of our cleaned sample, containing
4,121 WB candidates, where 1,294 candidates have a velocity ratio vp/vC(rp) >
√
2
(see Figure 4.12), containing enough WBs for good statistics and bright enough to
obtain their radial velocity. To produce distributions of v3D/vC(rp), we would need
to acquire the radial velocity measurements of the WB candidates within our sample,
which will result in both confirming these candidates are WBs and performing tests
of gravity, as shown in section (3.5).
4.5. Comparison with Random sample
We produce a random sample to estimate how many of our WB candidates are
‘chance’ fly-bys of two unassociated stars. We construct a random sample by using
the initial GDR2 star sample that we downloaded from GAIA’s archive, with (G<16
& ωˆ>5 mas), and ‘randomised’ the right-ascension and declinations (RA and Dec)
individually. This is chosen since it preserves the large-scale properties of the data
(e.g. variation with galactic latitude etc), while eliminating nearly all ‘real’ binaries
since these have angular separations much less than 1 degree. Thus, if the ‘true’
model were random in phase-space plus pure 2-body binaries, the number of ‘randoms’
would be comparable to the number of ‘chance’ pairs in our WB candidates sample
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Figure 4.8.: Histogram vp/vC(rp) of our GDR2 sample of potential WB candidates
with galaxy & cluster cuts, rejected triples & third stars, and no lower-
quality stars for projected separation range log10(rp) ∈ (2.2, 3.0) kAU.
Figure 4.9.: As Figure 4.8, for projected separation range log10(rp) ∈ (3.0, 3.8) kAU.
Figure 4.10.: As Figure 4.8, for projected separation range log10(rp) ∈ (3.8, 4.6) kAU.
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with galaxy & cluster cuts, rejected triples & third stars, and no lower-quality stars.
For each star we randomise the RA and Dec by adding a random number to it, with
the random within the range ∈(−1 to +1) degrees, ∈(−2 to +2) degrees, and ∈(−3
to +3) degrees respectively, hence producing three randomised samples. We then
apply the same WB search criteria (see section 4.2.1) to each randomised sample.
The result is that randomising in the range ∈(−1 to +1) degrees returns a total
of 311 WB candidates, the range ∈(−2 to +2) degrees returns 82 candidates while
the range ∈(−3 to +3) degrees returns 36 candidates; as expected most of these
candidates are at large separations 10 kAU < rp < 40 kAU.
There are several conclusions from this: firstly, all of the above randomised samples
are much smaller than the number of 5,163 WB candidates at 3 kAU < rp < 40 kAU
in the real sample, indicating that the large majority of the real candidates are
genuine physical associations rather than random flyby events. However, the number
of randoms in the 1 and 2 degree cases is substantially larger than the number
of chance-flybys (of order a few) estimated from the model with zero phase-space
correlations, and the number of randoms is declining with increasing randomisation
angle, rather than flat. This indicates that there are probably phase-space correlations
on scales 0.5 to 1.5 degrees corresponding to physical separations up to a few parsecs.
This is probably a hint of either ionized binaries or ”comoving groups” which are
unbound but share a common origin and correlated velocities in phase-space. This
question deserves further study; this will require searching for pairs or groups with
similar velocities but large projected separations, which we postpone for future work.
4.6. Comparison with El-Badry and Rix WB
sample
In this section, we compare our ‘clean’ WB sample with the WB sample from El-Badry
and Rix (2018) (hereafter; ER WB sample). The ER WB sample is constructed from
GAIA DR2 and contains WBs with G< 20, ωˆ > 5 mas, projected separation search
limits up to 50 kAU, removing WBs where the difference in proper motion of the two
stars are consistent with a bound Keplerian orbit, for circular orbits with a total mass
5M and semi-major axis a, translating to a maximum projected velocity difference
∆vp [km s
−1]≤ 2.1× (a [kAU])−1/2, or ∆vp [km s−1] <
√
G(5M)/rp, removing all
binaries that are members of clusters, moving groups, and higher-order multiples,
also removing ‘low-quality’ stars using the criteria from Arenou et al. (2018) as
described in detail section (4.3.3), leaving a sample containing 55,128 WB candidates.
The main difference from our selection is that the ER WB use a cut ∆vp [km s
−1]
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Figure 4.11.: Aitoff projection in galactic coordinates of the ‘cleaned’ WB sample;
for projected separation range rp ∈ (3− 15) kAU, with a total of 4,121
candidates.
<
√
G(5M)/rp, i.e., the circular velocity for a total of mass 5M. This includes more
small-separation binaries, but is more restrictive for WBs than our cut ∆vp < 3 km s
−1.
Before we compare our ‘cleaned’ WB sample with ER WB, we apply additional cuts
to the ER WB sample, so the ER WB contain the same conditions as those from
our ‘cleaned’ WB sample. We reduce the ER WB sample by cutting out the galactic
plane |b| < 15, as described in section (4.3), and select WB candidates with both
pairs containing magnitudes G<16. This leaves us with the ‘reduced-ER’ (R-ER)
WB sample containing 18,513 candidates suitable to match our ‘cleaned’ WBs. We
cross-match our ‘cleaned’ WB with R-ER WB sample via matching their sourceIDs,
since both WB samples are constructed from GDR2. We use TOPCAT (Taylor,
2005) for the cross-matching; leading to a ‘matched’ WB sample containing 15,652
common candidates between R-ER and our ‘cleaned’ WB sample. There are 2,861
candidates in the R-ER but not in our ‘cleaned’ WB sample, while there are 8,630
candidates in our ‘cleaned’ sample but not in R-ER. In Figure 4.13 gives an Aitoff
projection of the cleaned WB candidates that are not matched with R-ER sample
in desired projected separation range rp ∈ (3 − −15) kAU, containing 950 WBs
with vp/vC(rp) >
√
2; Figure 4.14 shows the scatter plot of the projected velocity
difference ∆vp vs projected separation log10(rp), comparing matched cleaned and
R-ER sample labelled as (PS-ER), and the cleaned sample non-matched with R-ER.
Figures 4.15 and 4.16 shows plots of Figure 4.14 scaled via ∆vp with velocity ratio
vp/vC(rp), where Figure 4.16 has the upper limit of vp/vC(rp) = 8.
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Figure 4.12.: Aitoff projection in galactic coordinates of the ‘cleaned’ WB sample;
for projected separation range rp ∈ (3− 15) kAU, and vp/vC(rp) >
√
2,
with a total of 1,294 candidates.
Figure 4.13.: Aitoff projection in galactic coordinates of the ‘cleaned’ WB candidates
that are not-matched with the WBs from the R-ER sample; for projected
separation range rp ∈ (3− 15) kAU, and vp/vC(rp) >
√
2, with a total
of 950 candidates.
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Figure 4.14.: Scatter plot of the projected velocity difference ∆vp vs projected separa-
tion log10(rp) of both; (Red points) matched ‘cleaned’ and R-ER sample,
labelled (PS-ER), (Blue points) WB candidates from the ‘cleaned’ sam-
ple non-matched with the PS-ER (or R-ER) sample.
Figure 4.15.: Scatter plot of the velocity ratio of projected velocity scaled with the cir-
cular Newtonian velocity at the current projected separation vp/vC(rp)
vs projected separation log10(rp). (Red points) are the matched ‘cleaned’
and R-ER sample, labelled as (PS-ER); (Blue points) are the WB can-
didates from the ‘cleaned’ sample non-matched with the PS-ER (or
R-ER) sample.
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Figure 4.16.: As Figure 4.15, with the upper limit on the vertical axis changed to 8.
4.7. Discussion
Most of the WBs in our final sample are clearly ‘real’ as seen by the clear excess
of points at low ∆vp in Figure 4.6, and the peaks in the histograms at vp/vC(rp) ∼
0.6. By analysing the histograms at various projected separation slices as shown in
Figures 4.8, 4.9 and 4.10, we see that the histograms of the velocity ratio between the
projected velocity and circular Newtonian velocity at current projected separation
vp/vC(rp), peaks at ∼0.6. Comparing the peaks of the histograms of our sample of
vp/vC(rp) ∼ 0.6, with our simulated histograms in section (3.5.2), Figures 3.9 and
3.10, we see MG theories without an ExFE peak at values vp/vC(rp)>
√
2, hence
the histogram of our final WB candidates sample rules out these MG models, which
do not include an ExFE. The simulated histograms in Chapter (3) are for the 3-D
velocities, while in this chapter they are 2-D projected velocities; this introduces a
factor of typically
√
2/3 = 0.816; this factor will slightly depend on the eccentricity
distribution, so we will need to extract the full 2-D distribution from the orbit models.
In comparison with the ER sample (limited to G<16), we find 15,652 systems in
common. Our sample contains an additional 8,630 candidate WBs not in ER, with
many of these at large projected separations rp and 1. vp . 3 km s−1; this is easily
explained by ER’s upper vp cut-off, which rejects these systems. Our sample is useful
to explore the statistics of these probably-unbound pairs, and extrapolate to smaller
vp which may contaminate the ‘true’ WBs.
However, the Histograms of our WB candidates sample, Figures 4.8, 4.9 and 4.10
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contain values of vp/vC(rp) >
√
2, which seems somewhat unexpected. The observed
‘tail’ beyond
√
2 is clearly declining with vp/vC(rp); while for purely random chance
fly-by pairs we would expect a rising distribution due to the greater phase-space
volume at larger vp. Possible explanations for the ‘tail’ include hierarchical triples
(where the third star is too faint to be detected in our previous search), or ‘cousin’
stars which were born in the same cluster, have never been bound but are correlated in
phase-space. The tail distribution of our WB candidates requires further investigation
and/or computer simulations which is beyond the scope of this work.
5. Conclusions & Future
Prospects
Here we summarise the main conclusions from the work presented in this thesis, and
outline some possible directions for future research.
In Chapter (1) we provided an overview of modern cosmology, including the
evidence favouring the standard ΛCDM model, tests of General Relativity, and
possible alternatives including modified-gravity. While ΛCDM remains the default
model at present, and GR has passed many precise tests, the current tests of GR
do not directly probe the low-acceleration regime where the dark-matter problem
becomes apparent. Thus in the absence of a direct detection of dark-matter particles,
there will still be room for modifications of gravity to try to explain the data without
exotic DM.
Concerning Chapter (2) and the search for high-redshift quasars in the VIKING
survey, the main conclusion is that no additional quasars have been discovered over
and above the three presented in (Venemans et al., 2013), and the one new quasar at
z ' 6.6, (J0024+3913) already known but published later (Tang et al., 2018); this is
below earlier expectations based on the 2.5× expansion of the sky area searched, but
is not especially improbable given the small-number statistics of these rare objects.
Concerning the space density of quasars, this will imply an average space density
estimate close to half of the central value estimated by Venemans et al. (2013),
though a full calculation with simulation of the detection efficiency remains to be
done for the new sample. Given the lower space density, this will favour a decline in
quasar space density at 5.8 < z < 7 which is somewhat more rapid than at lower
redshifts, a potentially interesting result hinting at a “turn-on” epoch for quasars at
redshift around 7.
Comparing to other work, a sample of fainter quasars at similar redshifts has
been published by the HyperSuprime-Cam (HSC) survey (Matsuoka et al., 2016)
Subaru telescope; Hypersuprime benefits from an 8-metre telescope and 900 Mpixel
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CCD camera, giving it a much larger etendue1 value than VISTA, though its visible-
wavelength CCDs are only sensitive to wavelengths < 1.0µm (y-band), so this
camera cannot observe J, H, Ks bands. This survey has discovered many faint
quasar candidates at 6 < z < 6.7, though is limited at higher redshifts (which will
quickly become faint in the y-band) due to the lack of J-band data for most objects.
There is a moderate area of overlap between VIKING and the HSC data, with HSC
being significantly more sensitive in its z and y bands, so in principle combining the
VIKING J-band with the HSC data could allow a search for fainter quasars at higher
redshift. Most of the known z > 6 quasars have now been observed with ALMA
(Venemans et al., 2018), providing measurements on the star-formation rate of their
host galaxies; the main result is that most show detectable emission from warm dust,
implying high star-formation rates between 50 - 2700 M yr−1, but there is relatively
little correlation between quasar luminosity and star formation rate; this may be due
to the different timescales involved. Detecting substantially larger samples of high-z
quasars is likely to require new facilities such as Euclid in the post-2021 era: this
will be more sensitive than VIKING and cover about 10x more sky area in its 5-year
mission, so is expected to discover 100 or more z > 7 quasars in the next decade or so.
Also in the 2020s, the James Webb Space Telescope (JWST) (Gardner et al., 2006)
is hoped to launch in 2021; this will be extremely sensitive (over a narrow field), so
will allow very detailed studies of galaxies and quasar hosts at high redshifts, helping
to pin down the details of early galaxy formation and reionisation.
Turning to the results of Chapter (3), we found that wide-binary stars with
separations of 3−15 kAU may offer a potentially very interesting test of modified
gravity theories. We simulated wide-binary orbits in various modified-gravity models,
and compared to Newtonian/GR predictions, focusing on the the observable ratio
of 3-D velocity difference to predicted Newtonian circular velocity (at the projected
separation), i.e. v3D/vC(rp). The results of the simulations show that the Newtonian
histograms show a sharp decline near v3D/vC(rp) ∼ 1.1, while modified-gravity models
without an External Field Effect (ExFE) show a peak at larger values ∼ 1.5− 2.5,
and these should be easy to rule out.
For the more realistic case of modified-gravity models with the ExFE, the offset
from Newtonian predictions is considerably smaller, typically 4 - 8 percent, but we
found that in principle a sample of order 1000 well-observed wide binaries may be
sufficient to detect this offset, if contamination of the sample can be well controlled or
modelled. Additional independent work by Banik and Zhao (2018) shows somewhat
1is a property of light in an optical system, which characterizes how ”spread out” the light is in
area and angle
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larger offsets than we found, due to their semi-analytic ExFE model producing
larger deviations from Newtonian than the approximation we used; which makes the
proposed test somewhat easier than our estimate. Also, the size of the predicted
deviation is significantly dependent on the shape of the MOND function around
g ∼ 1 a0; future data from GAIA should help to constrain this and reduce the range
spanned by various MOND predictions.
In Chapter (4), we carried out an initial search of the GAIA Data Release 2 (GDR2)
data for wide-binary systems (with magnitude G < 16, and parallax ωˆ > 5 mas)
suitable for actual application of the above test. After cleaning the WB sample by
removing the galactic plane, star clusters, possible triple-star systems, and stars with
lower-quality measurements, we have left with a sample of 24,282 cleaned binary
systems of which 4,121 have projected separations 3−15 kAU, i.e. a sufficient number
to make the modified-gravity test outlined in Chapter (3) probably viable. For these
we have measured 2-D velocity differences (in projected velocity difference), but very
little radial velocity information as yet.
Based on comparison with randomised samples (using randomised sky positions),
the large majority of these binary candidates are either true binaries, or physically
correlated in phase-space. The distribution of velocity differences shows the expected
“hump” at vp/vC(rp) < 1 with a peak around 0.6, which is probably sufficient to rule
out modified-gravity models without an ExFE; though additional simulations would
be needed to make this decisive. At larger velocity differences, the histograms show
a declining “tail” extending to velocity ratios well above the
√
2 limit. This declining
tail is somewhat unexpected, since we would expect “random” chance projected pairs
to show a distribution which is rising rather than falling at large velocity differences.
In order to test modified-gravity theories with the ExFE we would need to understand
and model the origin of this tail. Possible explanations for this tail include true
binary systems with non-Gaussian proper motion errors, or undetected “third stars”
in the system; or, there may be a population of “cousin” stars which originate from
the same open cluster which has evaporated over time, but still have small velocity
differences due to their common origin. Future radial-velocity measurements for a
sample of our WB candidates would be very valuable to understand and model this
tail.
Thus, we hope that with future study of wide binaries, both from future observations
of radial velocities and searches for third-star neighbours, and additional modelling
to understand the tail of systems at high velocity difference, there is good potential
for these WB systems to provide an observational test of possible modifications of
gravity at very low accelerations.
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Appendix A.
Appendix
A.1. Gravitational lensing
Begin with the Schwarzchild metric, corresponding for external gravitational fields
of non-rotating and spherically-symmetric bodies of mass M . For trajectories of
photons (and of any other particle having zero rest mass), we solve the null geodesics
in the Schwarzschild geometry by deriving the Schwarzschild line element given below,
ds2 = −
(
1− 2GM
rc2
)
c2dt2 +
(
1− 2GM
rc2
)−1
dr2 + r2dθ2 + r2 sin2 θdφ2 (A.1)
for simplicity we set G = c = 1, the Schwarzchild metric is symmetrical about
θ = pi/2 resulting in dθ = 0, sin θ = 1, and light travels on null geodesics ds = 0. We
use the Lagrangian approach, setting L2 = ds2/dλ2, where λ is the affine parameter,
which is a useful parametrization for tangent vectors on a curved manifold, satisfying
the geodesic equations. Otherwise in a time-like case, the affine parameter will be
the proper time, dλ = dτ . With these simplifications equation (A.1) is expressed as;
L2 = −
(
1− 2M
r
)
t˙2 +
(
1− 2M
rc2
)−1
r˙2 + r2φ˙2 = 0 (A.2)
using the notation x˙µ = dx
µ
dλ
, we can now solve the Euler-Lagrange (EL) equations,
given by equation (A.3), and setting µ = t & µ = φ.
d
dλ
∂L2
∂x˙µ
− ∂L
2
∂xµ
= 0 (A.3)
Starting with the case of µ = t, we obtain the results,
∂L2
∂t
= 0
d
dλ
(
∂L2
∂t˙
)
=
d
dλ
(
− 2
(
1− 2M
r2
)
t˙
)
= 0
(
1− 2M
r2
)
t˙ = at˙ = A
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with the case of µ = φ,
∂L2
∂φ
= 0
d
dλ
(
∂L2
∂φ˙
)
=
d
dλ
(
2r2φ˙
)
= 0
r2φ˙ = J
Thus, we have the definitions of our constants (a, A, and J), we then substitute
these constants into equation (A.2) and use u = 1/r. We do not compute the case of
µ = r, as it does not provide any additional information. This leads to the derivation
for the equation of orbits of the Schwarzchild metric for null geodesics;
−A
a
+
r˙2
a
+
J2
r2
= 0
r˙2 = −A2 + J
2
r2
a
r˙2 =
(
∂r
∂λ
)2
=
(
∂r
∂φ
)2
φ˙2 =
(
∂r
∂u
∂u
∂φ
)2
φ˙2
r˙2 = r4φ˙2
(
∂u
∂φ
)2
=
(
∂u
∂φ
)2
J2
Applying the results above, we obtain;(
∂u
∂φ
)2
=
(−A
J
)2
− u2(1− 2Mu) (A.4)
After solving the EL equations for µ = t, φ, solving for r and setting u = 1/r; we
take the derivative w.r.t u of equation (A.4) and dividing by 2 we obtain the orbital
equation;
∂2u
∂φ2
+ u = 3Mu2 (A.5)
where the above equation has the general relativistic solution as:
u =
sinφ
R
+ ∆u (A.6)
here, ∆u = (3M/2R2)(1 + 1
3
cos 2φ) is a perturbation to first order, and R is the
impact parameter of the closest approach (or length) at which the gravitational field
interacts with light causing it to deflect. Setting sinφ ≈ φ, cos 2φ ≈ 1 for small
angles, one can obtain the expression;(see: Carroll (2004) and Hobson et al. (2006)
for full explicit derivation on how to obtain the general relativistic solution for the
orbital equation A.5).
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u ≈ φ
R
+
2M
R2
(A.7)
For a light beam coming in from infinity to the body’s gravitational field then going
back out to infinity, i.e., for r → −∞ and r → +∞, both leading to u = 1/r → 0.
Applying these conditions into equation (A.7) and taking the total of φr for both
cases, gives the results of the total deflection (i.e., ∆φGR = 2φr, via symmetry) of
the light bending angle caused by a body of mass M as;
∆φGR =
4GM
c2R
(A.8)
A.2. Precession of Orbits
For trajectories of massive particles, we solve the time-like geodesics in the Schwarzschild
geometry by deriving the Schwarzschild line element given below,
ds2 = −
(
1− 2GM
rc2
)
c2dt2 +
(
1− 2GM
rc2
)−1
dr2 + r2dθ2 + r2 sin2 θdφ2 (A.9)
In GR, the pericenter shift is derived as follows, starting with a similar method as
used in appendix (A.1) for deriving the gravitational lens bending angle of light, by
setting θ˙ = 0 & θ = ±pi/2 for orbits on the equatorial plane and equating L2 = c2
for massive particles along time-like geodesics, hence deriving w.r.t proper time τ ;
ds2 = c2dτ 2 = −kc2dt2 + k−1dr2 + r2dφ2
L2 =
ds2
dτ 2
= −kc2t˙2 + k−1r˙2 + r2dφ˙2 (A.10)
where k = (1 − 2GM/rc2), using the notation x˙µ = dxµ
dτ
, we can now solve the
Euler-Lagrange (EL) equations, given by equation (A.11), solving for µ = t & µ = φ,
and obtaining the constants which we then use to solve for r˙.
d
dτ
∂L2
∂x˙µ
− ∂L
2
∂xµ
= 0 (A.11)
Starting with the case of µ = t,
∂L2
∂t
= 0
d
dλ
(
∂L2
∂t˙
)
=
d
dλ
(
− 2αt˙
)
= 0
at˙ = const = K
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with the case of µ = φ ;
∂L2
∂φ
= 0 (A.12)
d
dτ
(
∂L2
∂φ˙
)
=
d
dτ
(
2r2φ˙
)
= 0 (A.13)
r2φ˙ = h, i.e., the Specific Angular Momentum (A.14)
Thus, we have the definitions of our constants (K, and h), we then substitute
these constants into equation (A.10) and solve for r˙ and define u ≡ 1/r;
L2 = c2 = −K
2c2
k
+
r˙2
k
+
h2
r2
r˙2 + k
h2
r2
= c2(K2 − k) = const
r˙ =
dr
dτ
=
dr
dφ
dφ
dτ
= − 1
u2
du
dφ
hu2 = −hdu
dφ
Therefore, expanding k = (1− 2GM/rc2), differentiating w.r.t. φ and dividing by
2du/dφ, we arrive to the following orbital equation expressed as,
d2u
dφ2
+ u =
GM
h2
+
3GM
c2
u2 (A.15)
To solve for the orbital equation (A.15), we can use the approximate solution to
first order, given by,
u ≈ GM
c2
(1 + e cos[φ(1− α)]) (A.16)
here, α = 3(GM)2/(hc)2, and the specific angular momentum h2 = GMa(1− e2),
where a, e are the semi-major axis and eccentricity of the orbit. Substituting equation
(A.16) into equation (A.15) we can solve for φ to obtain the expression for perihelion
shift. This result entails that the orbit cannot ‘close’, so the ellipse will precess about
its focus by, per revolution by an amount of,
∆φ =
2pi
(1− α) − 2pi =
6piGM
a(1− e2)c2 (A.17)
In the case for Mercury, for orbital period T = 88 days, semi-major axis a =
5.8 × 1010m and an eccentricity e = 0.2, will give the residual precession rate of
≈ 43′′ per century. For the full explicit derivation for precession of the pericenter
of planetary orbits and deriving for the general relativistic solutions for the orbital
equations, see (Carroll, 2004) and (Hobson et al., 2006).
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A.3. Weak Gravitational Fields and the
Newtonian Limit in GR
Here, we show how to obtain Newtonian gravity as the weak-field limit of GR, and a
specific part of the metric tensor we test with wide stellar binary systems.
In the weak-field limits, the description of gravity in terms of curvature reduces to
special relativity in local inertial frames. However, this description should also reduce
to Newtonian gravity in the weak-field limits. In the absence of gravity, spacetime
has a Minkowski geometry (or flat spacetime). Therefore, a weak gravitational field
should correspond to a region of spacetime that is only ‘slightly’ curved, hence in
such a region there exists coordinates of xµ, in which the metric takes the form,
gµν ≈ ηµν + hµν (A.18)
where hµν  1 is a small perturbation, and ηµν is the Minkowski metric tensor, given
by ηµν =
(
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
)
. Hence the metric (A.18) can be expressed into the following
line element,
dS2 = (η00 + h00)(cdt)
2 + (η11 + h11)dr
2 + (η22 + h22)dθ
2 + (η33 + h33)dφ
2 (A.19)
taking dθ = dφ = 0 & dr2 = dx2 + dy2 + dz2 in the 2D case gives us a 2D line
element;
dS2 = (η00 + h00)(cdt)
2 + (η11 + h11)dr
2 (A.20)
with the metric tensor, and inverse metric tensor defined with the following elements,
gµν =
(
(−1 + h00) 0
0 (1 + h11)
)
(A.21)
gµν =
(
(−1 + h00)−1 0
0 (1 + h11)
−1
)
(A.22)
We take the assumption that the coordinate system given by the metric (A.18) is
stationary, hence all derivatives with respect to time ∂0gµν = 0. The worldline of a
particle freely falling under gravity is given by the geodesic equation,
d2xλ
dτ 2
+ Γλµν
dxµ
dτ
dxν
dτ
= 0 (A.23)
We shall assume that the particle is slow-moving hence, the components of the
3-velocity satisfy dxi/dt  c (i = 1, 2, 3), where Latin index represent the spatial
components of the metric, and t is defined by x0 ≡ ct,
dxi
dτ
 dx
0
dτ
(A.24)
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thus we can ignore the 3-velocity terms in the geodesic equation (A.23) to obtain,
d2xλ
dτ 2
+ Γλ00c
2
(
dt
dτ
)2
= 0 (A.25)
Using the expression of the Christoffel symbols given by,
Γλµν = −
1
2
gλα(∂µgαν + ∂νgαµ − ∂αgµν) (A.26)
to compute for Γλ00 for a stationary metric, we obtain the following terms:
Γ000 = 0 (A.27)
Γi00 = −
1
2
gij(∂0gj0 + ∂0gj0 − ∂jg00) = 1
2
gij∂jg00
where gij = (−1+hij)−1, expanding this to (−1+hij)−1 ≈ (1+hij +h2ij) and keeping
only leading order terms, we obtain,
Γi00 =
1
2
~∇h00 (A.28)
where i = 1, 2, 3 Latin indices represent the spatial components of the metric.
Inserting equations (A.27) and (A.28) into the geodesic equation (A.25) we obtain
the following,
d2t
dτ 2
= 0,
d2~x
dτ 2
= −1
2
c2
(
dt
dτ
)2
~∇h00 (A.29)
where the first equation implies dt/dτ = constant, so we combine the two equations
and arrive to the following equation of motion for a particle:
d2~x
dt2
= −1
2
c2~∇h00 (A.30)
where d2~x/dt2 = ~¨r is the derivative of the 3-velocity with respect to time, hence the
acceleration. We can also solve for the gravitational acceleration, aλ = ~g by using
the geodesic equation for a test body at rest in a static external gravitational field
with coordinates (t, ~r) as shown in Will (1993), expressed as:
ai = −Γi00 =
1
2
gij∂jg00 =
1
2
gij
∂(g00)
∂xj
(A.31)
where (i, j = 1, 2, 3) indices represent the spatial components of the metric gµν . If we
compare equation (A.30) or (A.31) with the usual Newtonian equations of motion
for a particle in a gravitational field, we see they are both identical if h00 = 2Φ/c
2.
Hence, for a slowly moving particle our description of gravity as spacetime curvature
tends to the Newtonian theory in the weak gravitational field, such that the metric
is given by,
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gµν = g00 =
(
− 1 + 2Φ
c2
)
(A.32)
This is indicative that the Newtonian (or Force-law) is related to the time-time
(or 00) part of the metric in GR. Therefore, Newtonian tests of gravity is a test of the
Newtonian part of the gravitational field, hence a test of the time-time components
of the metric tensor in the weak-field (or Newtonian) limit of GR. In this work, we
use WB to test gravity at the weak field limit via testing the relative gravitational
acceleration ~g = −~∇Φ, or ~g = −1
2
c2~∇h00.
A.4. Two-Body Orbital Dynamics for Modified
Gravity (MG) Theories
To solve for the motion of an object in a two-body system, we take the following
assumptions:
1. The bodies are spherically symmetric and can be treated as point masses.
2. There are no external or internal forces acting on the bodies themselves other
than their mutual gravitational force, although some MG theories violate this
assumption, such as the External Field Effect (ExFE).
We derive the relative gravitational acceleration of an orbit by specifying the
relative gravitational acceleration for each body, and the gravitational interactions
between the two bodies in a binary system, both orbiting a common Centre-Of-Mass
(C.O.M), (or baycenter),
~¨r1 = gG1,2(~r) rˆ1 (A.33)
~¨r2 = gG2,1(~r) rˆ2 (A.34)
here, rˆ1 is the position unit vector directed from Body1 to Body2 and vice-versa for
rˆ2. Both position unit vectors are equal rˆ1 = rˆ2 ≡ rˆ, where rˆ is the radial position
unit vector between the two bodies. The gravitational acceleration vector ~¨r1 is the
relative gravitational acceleration of Body1 induced on Body2, and vice-versa for
~¨r2. The parameter gG1,2(~r) describes the gravitational interaction on Body2 due
to the gravitational acceleration of Body1, and vice-versa for gG2,1(~r), where each
MG theory has its own description of gravitational interactions between bodies (see
Figure A.1 for an illustration of a binary system with vector components labelled).
The total relative gravitational acceleration difference between the two bodies is
expressed as follows,
~¨r = ~¨r1 − ~¨r2
~¨r = (gG1,2(~r) + gG2,1) rˆ
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Figure A.1.: Illustration of a stellar binary system with its vector components labelled,
showing the mutual gravitational accelerations induced on each body
by each body.
since rˆ1 = −rˆ2 ≡ rˆ, therefore gG1,2(~r) = gG2,1(~r) ≡ gG(~r) thus, expressing the total
relative gravitational acceleration as:
~¨r = gG(~r) rˆ (A.35)
We now proceed into deriving the total relative acceleration of an orbit, i.e., the
interplay between the gravitational and the centripetal acceleration of a system.
For any two bodies, e.g., Body1 & Body 2 with identical orbits that are under a
gravitational acceleration parallel to rˆ has the Specific Angular Momentum (SAM)
~h, expressed as:
~h = ~r × ~˙r (A.36)
and
d
dt
~h = 0 (A.37)
The cross product of the position vector ~r and its velocity ~˙r remains constant
therefore, they must lie in the same plane of the orbit, orthogonal to SAM ~h. Since
we know that equation (A.35) has symmetry about its origin, it is easier to solve
in polar coordinates; However, equation (A.35) refers to a linear acceleration ~¨r, as
opposed to an angular acceleration vector θ¨ or radial acceleration r¨.
Therefore, we transform the equations using cartesian coordinates (x, y) and polar
unit vectors (rˆ, θˆ), in the plane orthogonal to ~h, as follows,
x = r cos θ, y = r sin θ
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are the xy-components of radial component r, hence
|~r| = r =
√
x2 + y2, θ = arctan(x/y)
rˆ = cos θxˆ+ sin θyˆ ≡ ( cos θsin θ )
~r = rrˆ (A.38)
where ~r is the radial coordinate vector and θ is the polar angle, the unit vectors (xˆ, yˆ)
specify the radial vector and polar angle on the XY-plane. Transforming to polar
coordinates unit vectors (rˆ, θˆ),
rˆ =
d~r/dr
|d~r/dr| = cos θxˆ+ sin θyˆ ≡
(
cos θ
sin θ
)
(A.39)
θˆ =
d~r/dθ
|d~r/dθ| = − sin θxˆ+ cos θyˆ ≡
( − sin θ
cos θ
)
(A.40)
Taking the derivative of the radial vector ~r in equation (A.38) with respect to
time, we obtain the 3D relative velocity vector ~˙r,
~˙r = r˙rˆ + rθ˙θˆ = r˙
(
cos θ
sin θ
)
+ rθ˙
( − sin θ
cos θ
)
(A.41)
v3D = |~˙r| =
√
(r˙)2 + (rθ˙)2 (A.42)
where v3D is the 3D relative velocity. Differentiating equation (A.41) with respect to
time, we obtain the total relative acceleration of an orbit, expressed as,
~¨r = (r¨ − rθ˙2)rˆ + (rθ˙ + 2r˙θ˙)θˆ (A.43)
Therefore; equating equation (A.35) and (A.43), and taking only the radial rˆr
components,
r¨ − rθ˙2 = gG(~r) (A.44)
thus, taking the magnitude of all the vector components, we arrive to the following
expression of the total radial acceleration of an orbit.
r¨ = gG(r) + rθ˙
2 (A.45)
The Specific Angular Momentum, ~h component is orthogonal to the orbital plane
and the modulus is in the form;
|~h| = h = |~r × ~˙r| = |r| |r˙| sin θ = r2θ˙ (A.46)
here, rθ˙ is the velocity vector component perpendicular to the position vector ~r = r
which is the intersecting radius of the orbit between the stellar pair in the binaries
frame, therefore;
h = r2θ˙ = const (A.47)
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equivalent to Kepler’s 2nd law stating that orbits sweep out equal areas in equal
times. Thus, the speed of the orbiting body increases as it nears the pericenter and
decreases near the apocenter. The differential element of the area in polar form is
expressed as:
dA =
r2
2
dθ (A.48)
Where dA is the area of a sector with an infinitesimal small angle dθ. Using equation
(A.47) and equation(A.48), we can derive the change in area of the orbit w.r.t time
in terms of its specific angular momentum expressed as;
dA
dt
=
h
2
(A.49)
The SAM of an orbit remains constant in the restricted two body problem, as
described mathematically by Kepler’s 2nd law. Equation (A.47) hold true for parabolic
and hyperbolic as well as elliptical trajectories. Since we are dealing with closed
orbits, we apply Kepler’s 3rd law to solve for the SAM,
∫
orbit
dA = piab =
h
2
T∫
0
dt
hence,
2pia2
√
(1− e2) = hT (A.50)
Where a, semi-major axis; b, semi-minor axis, with b2 = a2(1− e2), where e is the
eccentricity of the orbit e ∈ (0, 1). The orbital period is denoted as T , which can be
derived using Kepler’s 3rd law of relating the centripetal acceleration ac(a) with the
gravitational acceleration gG(a) as function of the semi-major axis a as follows,
ac(a) = gG(a)
ac(a) =
r˙2
a
= θ˙2 a
θ˙ =
2pi
T
therefore, the orbital period T (or the pseudo-period) for a circular orbit with size a,
given by gravitational acceleration gG(a), is estimated as,
T = 2pi
√
a
gG(a)
(A.51)
in the case for MG theories where the orbits are not closed ellipses, we define the
size and shape of the orbit with the “effective” orbit size aˆ, and the quasi-eccentricity
defined as eˆ, which coincide with the (a, e) in the standard Newtonian case (see
section A.5.2 for more detail).
Therefore, substituting in equation (A.51) into equation (A.50), we can derive for
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the SAM h in terms of gG(a) hence, for any MG model with a unique description of
the relative gravitational acceleration, expressed as ;
h = a
3
2
√
gG(a) (1− e2) (A.52)
A.5. Simulating WBs orbits
A.5.1. Runge-Kutta 4th order Integrator
The RK4 uses numerical analysis to approximate solutions of Order Differential
Equations (ODE) to a specific order, (e.g. RK4 approximates to 4th order). One
uses RK4 to solve for an unknown (scalar or vector) with the knowledge of its initial
conditions and 1st order derivative. The fundamentals of the framework of RK4 is
described below:
Given an unknown parameter (scalar or vector), which we want to solve & integrate
with time t,
y(t)
where we have a known formular for of its 1st order derivative,
y˙ = y˙(t, y)
and initial conditions,
y(t0) = y0 and t0
Therefore, we can solve by, y(t) = yn+1 with t > t0 = tn+1 where,
yn+1 = yn +
h
6
(K1 + 2K2 + 2K3 +K4) (A.53)
tn+1 = tn + h (A.54)
where,
K1 = y˙(tn, yn)
K2 = y˙(tn +
h
2
, yn +
h
2
K1)
K3 = y˙(tn +
h
2
, yn +
h
2
K2)
K4 = y˙(tn + h, yn + hK3)
here, h > 0 is the step size and n = 0, 1, 2, 3, ... specifies the index at t > t0.
A.5.2. Simulating/Integrating WB orbits for MG Theories
In this case, the unknown parameters we want to solve for WB orbits and integrate
with respect to time t, hence our y(t)’s are:
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t, r, θ, r˙
where, t is the time taken for body to orbit from its initial to its current position,
r is the intersecting radius (e.g. distance between body and C.O.M), θ is the True
Anomaly (angle between current position and location closest to C.O.M) and r˙ is
the radial velocity of the orbiting body.
Knowledge of 1st order derivatives, hence our y˙(t,y)’s are:
t0, r˙, θ˙, r¨
where t0 are starting time condition, θ˙ is the angular velocity (or transverse velocity),
r˙ is the radial velocity and r¨ is the total acceleration (or tangential acceleration)
between the gravitational and radial acceleration, which are expressed as:
θ˙ =
h
r2
r¨ = gG(r) + rθ˙
2 (A.55)
where h is the specific angular momentum, as described in equation (A.52), and
gG(r) is the gravitational acceleration, which has a different description in various
gravity theories. The initial conditions we use to set-up our WB orbits in all gravity
models are listed below;
t0 = 0
r(t0) = r0 ≡ aˆ ∈ (1, 100)kAU
eˆ ∈ (0, 1)
θ0 = arccos(eˆ)
φ0 = arcsin(eˆ)
v3D = v0 =
√
gG(r0) r0
r˙0 = v0 eˆ
h = r
3
2
0
√
gG(r0) (1− eˆ2)
T =
2pir0
v0
as we have described earlier, t0 is the initial time condition starting at t = 0, the initial
separation of the WB pair is set as the semi-major axis in the range aˆ ∈ (1, 100)kAU ,
the eccentricity of the orbit is in the range eˆ ∈ (0, 1), and θ0 is the initial true
anomaly. The angle φ0 is the initial angle between the relative velocity vector and
the tangential direction of the orbit (or perpendicular to the intersection radius r).
The relative velocity is denoted as v3D in terms of its components: radial velocity,
r˙ = v3D sinφ and the transverse velocity, rθ˙ = v3D cosφ. In the Newtonian case,
when r = a, the relative velocity is equal to the circular velocity, i.e., v3D = vC ,
such that the velocity components are expressed as r˙ = v3De and rθ˙ = v3D
√
1− e2
and φ = φcirc, where φcirc is the angle between the relative velocity vector and the
tangential direction of the orbit when orbits crosses the semi-major axis a. In the
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case of MG, the orbits are not closed ellipses, so we define the orbit size and shape
with an “effective” orbit size aˆ, which is the separation at which v3D = vC , and the
quasi-eccentricity defined as eˆ = sinφ ≡ sinφcirc. Hence, (aˆ, eˆ) in MG coincide with
(a, e) in the Newtonian case for v3D = vC when r = a therefore, allowing us to use the
same initial conditions for the orbit’s size and shape in all gravity models. The initial
conditions in all gravity models are defined as r0 = a ≡ aˆ, e ≡ eˆ, hence the initial
total relative velocity is given by v3D = v0 =
√
gG(r0) r0, with velocity components
r˙0 = v0 eˆ and r0θ˙0 = v0
√
1− eˆ2 for v0 = vC when r = r0. In addition, the relative
acceleration given by a MG theory is denoted as gG(r0), h is the specific angular
momentum and T is the pseudo-period for a binary to complete one full orbit, as
described by equation (A.51). A diagram of the orbital components used to solve
orbits in all gravity models in given in Figure A.2.
Figure A.3 shows a simulation comparing WB orbits for various gravity theories,
with all gravity models containing the same initial conditions as previously described,
with an RK4 step size of T/1000, i.e., 1000 points per orbit, integrating four times the
orbital period T . However, we cannot observe and solve for the full orbital solution
of a WB orbit, due to the orbital periods being of order ≈ 105 − 106 years. Instead,
we convert each point of the orbit into an observable, i.e., the relative velocity and
the projected separation, defined as:
rp = r sin β (A.56)
v3D =
√
(vR)2 + (vT )2 (A.57)
v3D/vC(rp) (A.58)
where rp is the projected separation between the observed WB pair, r is the in-
stantaneous separation, and β is the angle between the WB along the line-of-sight.
v3D is the 3D relative velocity of the two stars in the binary. The components r˙
and rθ˙ are relative to the binary, vR and vT are the radial velocity and transverse
velocity (or proper motion) relative to the observer. The observable v3D/vC(rp) is
the relative velocity scaled with the circular Newtonian velocity at the instantaneous
rp, defined as vC(rp) =
√
G(M1 +M2)/rp; where v3D/vC(rp) ≤
√
2 for bound orbits
in Newtonian case, while MG theories go above this limit.
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Figure A.2.: Diagram of the orbital set-up for our simulations (Keplerian). Here, r is
the intersecting separation between the orbital body (black solid circle)
and focal point (grey solid circle), a is the semi-major axis, b is the
semi-minor axis, e eccentricity of the orbit, θ is the true anomaly, φ is the
angle between the relative velocity vector and the tangential direction
of the orbit (or perpendicular to the intersection radius r). The relative
velocity is denoted as v3D in terms of its components: radial velocity,
r˙ = v3D sinφ and the transverse velocity, rθ˙ = v3D cosφ. In the case of
MG, the orbits are not closed ellipses, so we define the orbit size and
shape with an “effective” orbit size aˆ, which is the separation at which
v3D = vC , and the quasi-eccentricity defined as eˆ = sinφcirc. Hence, (aˆ,
eˆ) in MG coincide with (a, e) in the Newtonian case for v3D = vC when
r = a. Therefore, this allows us to use the same initial conditions for
the orbit’s size and shape in all gravity models. The initial conditions
in all gravity models are defined as a ≡ aˆ, e ≡ eˆ, hence r˙ = v3D eˆ and
rθ˙ = v3D
√
1− eˆ2 for v3D = vC when r = aˆ.
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Figure A.3.: Simulation of WB orbits in various gravity theories as titled. Here,
we are comparing the Newtonian prediction against MOND with a
simple interpolating function (MOND-Simp), MOND with a standard
interpolating function (MOND-Stand), Emergent Gravity (EG), Tensor-
Vector-Scalar theory (TeVeS), and the External Field Effect (ExFE)
with the MLS interpolating function from McGaugh et al. (2016) with
external field values ge = [0, 0.5, 1, 1.5] a0, where a0 ∼ 1.2× 10−10 m s−2
is the MOND threshold acceleration. All orbits contain the same initial
conditions which are: semi-major axis a = 15 kAU, eccentricity e =
0.7, and the angle between the relative velocity vector and tangential
direction of orbit φ0 = arcsin e ∼ 44.4◦. As we can see, the Newtonian
has a closed orbit, while MG theories tend to precess each full orbit. In
the case of MG with ExFE, the orbits appear more Newtonian-like with
increasing external field ge.
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A.6. Conversion of Parallaxes
In chapter (4) section (4.2.1), we conduct a search for Wide Binary (WB) stellar
systems from the GAIA Data Release 2 (GDR2) catalogue. We write a Python code
to select binary systems with a maximum separation of 40 kAU. We then set the
maximum separation angle for these WBs to be;
angmax = 1.1
sepmax
206265.0[AU ]
· Plx[i1]
1000
· 180
pi
(A.59)
Plx is the parallax in milli arcsecs (mas) and it is divided by 1000 for conversion
of angle in mas into arcsecs. The 1.1 factor is for ‘headroom’ on the difference in
distance. The 180/pi is the conversion factor from radians to degrees, sepmax is the
maximum separation set to 40 kAU which is divided by 206265 AU to convert in
units of parsecs. The conversion is as follows,
tanPlx ≈ Plx[rads] = 1AU
d
Using small angle approximation, 1AU = Average distance of Sun-Earth system
Plx[arcsec] = Plx[rads] · 180
pi
× 3600
Plx[arcsec] =
1AU
d
· 180
pi
× 3600
so,
d =
1AU
(Plx[arcsec] = 1arcsec)
· 180
pi
· 3600 = 206, 265AU = 1pc
if Plx is in units of milli-arcsecs (mas) then,
d =
1AU
(Plx[mas] = 1mas)/1000
· 180
pi
· 3600 = 206, 265AU = 1pc
P lx[deg] =
1AU
d = 1pc = 206265AU
· 180
pi
· (Plx[arcsec] = 1arcsec) =
(
1
3600
)◦
therefore,
θ =
xAU
(d = 1pc = 206265AU)
· 180
pi
· Plx[mas]
1000
(A.60)
